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” It is just this, which gives the higher arithmetic that magical charm which has made 
it the favourite science of the greatest mathematicians, not to mention its inexhaustible 


wealth, wherein it so greatly surpasses other parts of mathematics...” 


(K.F. Gauss, Disquisitiones arithmeticae, Göttingen, 1801) 


Preface 


This book contains short notes or articles, as well as studies on several topics of 
Geometry and Number theory. The material is divided into five chapters: Geometric the- 
orems; Diophantine equations; Arithmetic functions; Divisibility properties of numbers 
and functions; and Some irrationality results. Chapter 1 deals essentially with geometric 
inequalities for the remarkable elements of triangles or tetrahedrons. Other themes have 
an arithmetic character (as 9-12) on number theoretic problems in Geometry. Chapter 2 
includes various diophantine equations, some of which are treatable by elementary meth- 
ods; others are partial solutions of certain unsolved problems. An important method is 
based on the famous Euler-Bell-Kalmár lemma, with many applications. Article 20 may 
be considered also as an introduction to Chapter 3 on Arithmetic functions. Here many 
papers study the famous Smarandache function, the source of inspiration of so many 
mathematicians or scientists working in other fields. The author has discovered various 
generalizations, extensions, or analogues functions. Other topics are connected to the com- 
position of arithmetic functions, arithmetic functions at factorials, Dedekind’s or Pillai’s 
functions, as well as semigroup-valued multiplicative functions. Chapter 4 discusses cer- 
tain divisibility problems or questions related especially to the sequence of prime numbers. 
The author has solved various conjectures by Smarandache, Bencze, Russo etc.; see espe- 
cially articles 4,5,7,8,9,10. Finally, Chapter 5 studies certain irrationality criteria; some of 
them giving interesting results on series involving the Smarandache function. Article 3.13 
(i.e. article 13 in Chapter 3) is concluded also with a theorem of irrationality on a dual 
of the pseudo-Smarandache function. 


A considerable proportion of the notes appearing here have been earlier published in 


journals in Romania or Hungary (many written in Hungarian or Romanian). 

We have corrected and updated these English versions. Some papers appeared already 
in the Smarandache Notions Journal, or are under publication (see Final References). 

The book is concluded with an author index focused on articles (and not pages), where 
the same author may appear more times. 

Finally, I wish to express my warmest gratitude to a number of persons and organiza- 
tions from whom I received valuable advice or support in the preparation of this material. 
These are the Mathematics Department of the Babes-Bolyai University, the Domus Hun- 
garica Foundation of Budapest, the Sapientia Foundation of Cluj and also Professors 
M.L. Perez, B. Crstici, K. Atanassov, P. Haukkanen, F. Luca, L. Panaitopol, R. Sivara- 
makrishnan, M. Bencze, Gy. Berger, L. Tóth, V.E.S. Szabó, D.M. Milošević and the late 
D.S. Mitrinovié. My appreciation is due also to American Research Press of Rehoboth for 


efficient handling of this publication. 


József Sándor 
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Chapter 1. Geometric theorems 


"Recent investigations have made it clear that there exists a very intimate correlation 
between the Theory of numbers and other departments of Mathematics, not excluding 


geometry...” 


(Felix Klein, Evanston Colloquium Lectures, p.58) 


1 On Smarandache’s Podaire Theorem 


Let A’, B’,C"” be the feet of the altitudes of an acute-angled triangle ABC 
(A’ € BC, B' € AC, C’ € AB). Let a’,b’,b’ denote the sides of the podaire triangle 
A'B'C'. Smarandache's Podaire theorem [2] (see [1]) states that 


1 
Hl 2 
J a'b < 3 1 a (1) 
where a, b, c are the sides of the triangle ABC. Our aim is to improve (1) in the following 


form: 
Xsvs3(12) «3 029) 53x e) 


First we need the following auxiliary proposition. 
Lemma. Let p and p' denote the semi-perimeters of triangles ABC and A'B'C', re- 


spectively. Then 
j < . 3 
pS 5) (3) 


Proof. Since AC’ = bcos A, AB’ = ccos A, we get 
C'B' = AB" + AC? —2AB' - AC’ - cos A = a? cos? A, 
so C’B’ = a cos A. Similarly one obtains 
A'C' 2 bcosB, A'B’=ccosC. 
Therefore 
p = IY Ap = 1 y^ acos A E y sin2A = 2R sin Asin B sin C 
2 2 2 


(where R is the radius of the circumcircle). By a = 2Rsin A, etc. one has 


; a S 
—29 huge ied 
P RI Isp R 


3|0a 


where S = area( ABC). By p = — (r = radius of the incircle) we obtain 


/ 


Now, Euler’s inequality 2r < R gives relation (3). 


For the proof of (2) we shall apply the standard algebraic inequalities 
3(ry + xz +yz) < (z +y +2} € 3(z? +y +27). 


Now, the proof of (2) runs as follows: 


2 
Soa’ < : ey a!) — spy < " _ : Q2) « ive 


Remark. Other properties of the podaire triangle are included in a recent paper of 





the author ([4]), as well as in his monograph [3]. 


Bibliography 


1. F. Smarandache, Problémes avec et sans problemes, Ed. Sompress, Fes, Marocco, 


1983. 
2. www.gallup.unm.edu/~smarandache 
3. J. Sándor, Geometric inequalities (Hungarian), Ed. Dacia, Cluj, 1988. 


4. J. Sandor, Relations between the elements of a triangle and its podaire triangle, Mat. 


Lapok 9/2000, pp.321-323. 
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2 Ona Generalized Bisector Theorem 


In the book [1] by Smarandache (see also |2]) appears the following generalization of 
the well-known bisector theorem. 
Let AM be a cevian of the triangle which forms the angles u and v with the sides AB 


and AC, respectively. Then 
AB MB sinv (1) 
AC MC sinu 


We wish to mention here that relation (1) appears also in my book [3] on page 112, 





where it is used for a generalization of Steiner's theorem. Namely, the following result 
holds true (see Theorem 25 in page 112): 

Let AD and AE be two cevians (D, E € (BC)) forming angles o, 8 with the sides 
AB, AC, respectively. If A « 90? and a € DB, then 


BD.BE _ AB? 
< 


CD-CE 7 AC?’ (2) 





Indeed, by applying the area resp. trigonometrical formulas of the area of a triangle, 


we get 
BD A(ABD) ABsina 
CD A(ACD)  ACsin(A-Q) 


(i.e. relation (1) with u =a, v = 8 — a). Similarly one has 








BE  ABsin(A- B) 
CE |  ACsinfg 





Therefore 








BD: BE (AB ? sina sin(A — £) (3) 
CD-.CE \AC) sng sin(A—a)’ 
Now, identity (3), by 0 < a € B < 90° and 0 < A— 8B < A—a < 90° gives immediately 
relation (2). This solution appears in [3]. For a = 8 one has 


BD.BE (ABN (4) 
CD.CE \AC 





which is the classical Steiner theorem. When D = E, this gives the well known bisector 


theorem. 
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3 Some inequalities for the elements of a triangle 


In this paper certain new inequalities for the angles (in radians) and other elements 
of a triangle are given. For such inequalities we quote the monographs [2] and [3]. 
2 
1. Let us consider the function f(x) = ——— (0 < x < 7) and its first derivative 
sinz 


1 


sin £z 


f(x) = 





(sin z — z cos x) > 0. 


Hence the function f is monotonous nondecreasing on (0, 7), so that one can write f(B) < 


f(A) for A € B, i.e. 


ojl w 


< 


aja 


; (1) 


because of sin B = 25 and sin A = Then, since B € A if b € a, (1) implies the 


relation 
A. a 

i) — > —, ifa >b. 

(i) Baz tee b 

2. Assume, without loss of generality, that a > b > c. Then in view of (i), 
A B C 
= See, 
dr. DS vB 


and consequently 


XA4B4C)2 6-95. 


Adding A+ B + C to both sides of this inequality, and by taking into account of 
A+B+C — m, and a 4- b 4- c — 2s (where s is the semi-perimeter of the triangle) we get 
A _ 3a 
- A 
(ii) D a 2s 
This may be compared with Nedelcu’s inequality (see [3], p.212) 


ens A 30 
(ii) ` a < AR. 
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Another inequality of Nedelcu says that 
cgi 1 2s 
= din 
(i) 2 A mr 
Here r and R represent the radius of the incircle, respectively circumscribed circle of 


the triangle. 


3. By the arithmetic-geometric inequality we have 


A. , (ABCM 
— > j 2 
2 a` 3( abe ) 2) 
" A 
Then, from (ii) and (2) one has 


abc 25M? 
jx i eta 
an) aso (2) 


4. Clearly, one has 


Ga +(e) Ge = 

















b/By aVAr)  \cVCz By 


or equivalently, 











T T | | 3 
t aA y bB z cC 7 VBC VCA VAB (3) 


By using again the A.M.-G.M. inequality, we obtain 


y+z be z+x ca wy ab (= b =) 








a b c 3 ( abc ) 3 
VBO VCA VAB“ VXABC] ` 
Then, on base of (iii), one gets 


a b c 6s 
VBC | JCA JAB OG 4) 


Now (4) and (3) implies that 











. y+z bc z+% cA x+y ab, 12s 
(iv) 5 | E | * 2 : 
£ aA bB z cC T 
111 
By putting (x, y, z) = (s—a,s—b,s—c) or G p =) in (iv), we can deduce respectively 
a` b’ c 
be ca ab . 12s btc c+a a+b. 12s 





A(s-a) B(s-b)  C6=0)~ r? A B - Q mx! 
which were proved in [1]. 
2 
5. By applying Jordan’s inequality sing > —a, (x € 10, =]; see [3], p.201) in an 
T 


acute-angled triangle, we can deduce, by using a = 2R sin A, etc. that 


14 








—>—R 
i 5 ý 1 1 1 
By (ii) and the algebraic inequality (x + y + 2) ( + — +4 ) > 9, clearly, one can 
is^ y we 
obtain the analogous relation (in every triangle) 
a 6 
’ X ae ee 
(v) A mi 
2m : sing _ m?-z? 
Now, Redheffer’s inequality (see [3], p.228) says that SAP € (0,7). 
x Te + rz 


3v3 
Since »» sin A < i an easy calculation yields the following interesting inequality 


. A3 33 

PP re E 

Similarly, without using the inequality on the sum of sin's one can deduce 
r? — A? 


(vii) X > ORY AP 


From this other corollaries are obtainable. 
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4 Ona geometric inequality for the medians, 


bisectors and simedians of an angle of a triangle 


The simedian AA» of a triangle ABC is the symmetrical of the median AA, to the 


angle bisector AA,. By using Steiner’s theorem for the points A; and Ag, one can write 


AB AB AB? 
AoC ApC ACZ 





Since AB + AC = a, this easily implies 


ac? ab? 


A.B=———, AC = ——. 
2 BHE UU BB FG? 


Applying now Stewart’s theorem to the point B, A», C and A: 
c A3C — a- AA? +b? - ASB = AB - AC - a; 
with the notation AA» — s,, the following formula can be deduced: 
pec 


= gr agit +e) a) (1) 





This gives the simedian corresponding to the angle A of a triangle ABC. Let AA; = m, 


be the median of A. Then, as it is well-known, 





1 
Ma = 5 V2? + c2) E a?, 


so by (1) one can deduce that 


2bc 
E RM OL. (2) 
Clearly, this implies 
Se Mig (3) 


with equality only for b = c, i.e. for an isosceles triangle. Let AA, = la be the bisector of 
angle A. It is well-known that la < Ma, but the following refinement holds also true (see 


[2], p.112). 





Ma dg 
m 


> >1 4 
T 4e ~ (4) 
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We shall use in what follows this relation, but for the sake of completeness, we give a 


sketch of proof: it is known that 


Ma: la > p(p-— a) 


b 
(see [2], pp.1001-101), where p = EE denotes the semiperimeter. Therefore 


Ma, td Mala > p(p — a) : (b + c)? (b + c)? 


l dq» aA bcp(p — a) Abc ' 





giving (4). We have used also the classical formula 
2 
la = — vyb — a). 
bev erp — a) 
Now, OQ.591, [1] asks for all a > 0 such that 


OPOE : 


In view of (2), this can be written equivalently as 

l 2 1/a 
Ed = k| ——— 6 
< fi) = (ea) (6) 
2bc 


b2 + C2 
ments k and 1. It is known, that M, is a strictly increasing, continuous function of a, 


where k — Here Ce = M,(k, 1) is the well-known Holder mean of argu- 


and 


lim M, < Vk < M, < lim M, =1 


1 
(since 0 < k < 1). Thus f is a strictly decreasing function with values between NE = Vk 
and k. For a € (0, 1] one has 


2k Abc 


PORRI eos 





la 
On view (4) this gives — < f(a), i.e. a solution of (6) (and (5)). So, one can say 


that for all a € (0, 1], inequality (5) is true for all triangles. Generally speaking, however 


ao = 1 is not the greatest value of a with property (5). Clearly, the equation 


diae (7) 


can have at most one solution. If ~@ = o denotes this solution, then for all a € ag 


la ; l 
one has — < f(a). Here og > 1. Remark that a > oo, relaton (6) is not true, since 
m 


f(a) < flav) =“. 


Bibliography 
1. M. Bencze, OQ.591, Octogon Mathematical Magazine, vol.9, no.1, April 2001, p.670. 


2. J. Sandor, Geometric inequalities (Hungarian), Editura Dacia, 1988. 
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5 On Emmerich’s inequality 


Let ABC be a right triangle of legs AB = c, AC = b and hypotenuse a. 

Recently, Arslanagić and Milosevié have considered (see [1]) certain inequalities for 
such triangles. A basic result, applied by them is the following inequality of Emmerich 
(see [2]) 

i >V2+1 (1) 
where R and r denote the radius of circumcircle, respectively incircle of the right triangle. 
Since V2 4- 1 > 2, (1) improves the Euler inequality R > 2r, which is true in any triangle. 
Our aim is to extend Emmerich’s inequality (1) to more general triangles. Since R = 5 


and r = b+ c — a, it is immediate that in fact, (1) is equivalent to the following relation: 
b+e<av2. (2) 


Now, (2) is true in any triangle ABC, with A > 90°, (sce [3], where ten distinct proofs 
are given, see also [4], pp.47-48). First we extend (2) in the following manner: 
Lemma 1. /n any triangle ABC holds the following inequality: 
a 


sin 2? 

Proof. Let |, denote the angle bisector of A. This forms two triangles with the sides 
AB and AC, whose area sum is equal to area( ABC). By using the trigonometric form of 
the area, one can write 

_A _A ; 
cl, sin oi + bl, sin DU cbsin A. (4) 
bcsin A 





Now, since la > ha = , (ha = altitude), (4) immediately gives (3). One has 
equality only if la = ha, i.e. when ABC is an isosceles triangle. 

Remark. When A > 90°, then (3) implies (2). One has equality only when A= 90°; 
b=c. 


Lemma 2. In any triangle ABC one has 





sitet if Â> 90° 
d b+c-a qx (5) 
<i d Asoo 
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Proof. Let I be the centre of incircle and let JB’ L AC, IC L AB, IA’ L BC, 
(B' € AC, C' € AB, A’ e BC). 
Let AB’ = AC’ = x. Then CB’ = b—z = CA’, BO = c—2 = BA’. Since BA'+AC = 


b — A A A 
a, this immediately gives x = ——. In AAIB',r > x only if A > My ie. A > 90°. 


This proves (4). 
Theorem 1. Let A < 90°. Then: 








Proof. By R= and Lemma 2, one can write 


a 
2sin A 
R a 





m 
l a a 
2 sin A oU = 2 
2sin — 
2 
which gives the first part of (5). The second inequality follows by or sin A < 1. 


Remark. For A = 90°, the right side of (5) gives 


1 
ze DUE 
o.c 


i.e. we obtain Emmerich's inequality (1). Another result connecting r and R is: 


Theorem 2. Let A > 90°. Then: 








h 
Rtr>-t*> pile > minfa he}. (7) 
b+c-—a : : 
Proof. By (5) one has r > —3 On the other hand, in all triangles ABC, 
a a 
= >= 
s 2sinA ~ 2 


since 0 < sinA < 1. By adding these two inequalities, we get the first part of (6). Now, if 


A> 90°, then b > hy, c > he, and the remaining inequalities of (6) follow at once. 
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Remark. For another proof of R+r > min{hp, he}, see [4], pp.70-72. When A < 90°, 
then R+r € max{ha, hy, hc} a result due to P. Erdós (see [4]). 
Theorem 3. Let A < 90°, Then: 


A 
2r +a S bre S ARcos 5. (8) 


Proof. The left side of (8) follows by (5), while for the right side, we use (3): 


. A A 
E 2Rsin A E 4R sin -, cos g 








a A 
ae a <a n = 4Hcos 5. 
sin 5 sin 5 sin 5 
Theorem 4. Let A > 90°. Then: 
2Vb 
SVT «VT (9) 
c 


where T = area(ABC). One has equality for A =90° and A= 90°, b = c, respectively. 





T. b+c- 
Proof. By r = — > L: tE p — a, in view of (4), (here p = semiperimeter) one 
p 
2 
gets T > p(p — a). On the other hand, by la = pozo V PU — a) and 2v bc € b+ c the 
C 


above inequality yields at once (8). 
Finally, we extend a result from [1] as follows: 


Theorem 5. Let À > 90°. Then: 


1 1 
ha < (a? + 2bcsin A)? — (v2 — 5) a. (10) 


Proof. If A > 90°, it is known that m, < 5 (see e.g. [4], p.17). Since ha € m, < 2 
we have ha < - Now, we use the method of [1], first proof: Let ha = h. Then 


(a — 2h) (v2- i) gh 0; 


5 
since a > 2h and V2 > T 'This can be written as 


a? + 2ha > (1-3) a? + (2V2 — 1)ah + h? = (ve - Des 
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Therefore va? + 2bcsin A > (v2 — 5) a+h, giving (9). 

Remark 1. When A = 90°, then a? + 2bcsin A = (b + c)?, and we reobtain the result 
from [1]. 

Remark 2. The proof shows that one can take la in place of ha in (9). Therefore, 
when A = 90°, we get 


<bte-(v8-5)a (11) 
Since ha < la, this offers an improvement of Theorem A of [1]. When A > 90°, one 
can take m, in place of ha in (9). 
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6 Ona geometric inequality of Arslanagić and 
Milosevié 


Let ABC be a right triangle with legs b,c and hypothenuse a. 


Recently Arslanagić and Milošević have proved the following result: 


1 
hy Sb+e- (Vi - 5) (1) 
where ha is the altitude corresponding to the hypothenuse. Though, in their paper [1] they 
give two distinct proofs of (1), the given proofs are not illuminating, and the geometrical 
meanings are hidden. Our aim is to obtain a geometric proof of (1), in an improvement 
b 
form (in fact, the best possible result). First remark that since ha = = (1) can be written 
a 


equivalently as 





2 2 
ea Rar eee ee T j 
Or 
ey 
b+e>ayz— 0-0 (2) 


This inequality is interesting, since it is complementary to b+ c < aV2, which is an 


immediate consequence of the identity 


2 ( 3 i | ( 3l (3) 

V2 | /2 
Indeed (3) ives a 2 ( 7 yieldin b+c < aV/2 with e uality only for : = 0 
? g — V2 ? g — ? q V2 ? 








i.e. b — c. In what follows, we shall prove the following improvement of (2): 


(b — c) 
ECCL ee TET (4) 


If b = c, then b+c = av2, as we have seen above, so there is equality in (4). 


Let us suppose now that b > c. We make the following geometrical construction: Let 


A SAC pod Pe Oe CO Dh Be = and te 


v2 ney 


(see (3)). Remark that in ABKC one has BK < BC, so we get a geometrical proof of 
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b+c< av2, many other proofs are given in [3]. But we can obtain a geometric proof of 
(4), too. In fact, (4) is equivalent to 


V2 KO? 
vV2+1 BC 


Since BC, BK, KC all are sides of a right triangle, we shall prove this result separately, 


BC- BK < (5) 


as follows: 
Lemma. Let XYZ be a right triangle of legs y,z and hypothenuse x. Suppose that 
y >z. Then 


V2 NE. 
BEIF 6) 





G-y< 


Proof. Let XT L YZ. Then y? = ZT - YZ, giving y? = (x — p)x, where p = YT. 
Thus y? = z? — pz, so x? — y? = pz implying z — y = Pe. Here z? = px, thus we must 
try 


V2+1 


; Y ; 1 
rove that « + y > ———x, or equivalently, x < /2y. Now, = = sin Y > sin 45° = —, 
p Te q y. y " 37 
and we are done. Applying the Lemma to the particular triangle KBC, we obtain the 
inequality (5). (X = K, Y 2 C,Z a B). 
Remark 1. For other improvement of (2) see [2]. 


Remark 2. By (4) we get 


(7) 





ha < (b-- c— a) (4) 


Now, the right side of (7) is less than the right side of (1) since this is equivalent to 
b+ e< av. 
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7 A note on the Erdos-Mordell inequality for 
tetrahedrons 


Let ABCD be a tetrahedron and P an arbitrary point in the interior of this tetrahe- 


dron. If pa, py, Pe, Ppa denote the distances of P to the faces, then the inequality 


PA 4 PB + PC + PD > 3(p, +p» + pe + pa) (1) 





is called the Erdós-Mordell inequality for tetrahedron. Though for triangles a such in- 
equality is always true (and this is the famous Erdós-Mordell inequality for a triangle), 
(1) is not valid for all tetrahedrons (see Kazarinoff [1]). It is conjectured that for all 


tetrahedrons holds true the following weaker inequality: 





PA+ PB + PC - OD > 2V2(pa + po + pe + pa) (2) 


This is known to be true for all tetrahedrons having three two-by-two perpendicular 
faces, or all tetrahedrons which contain in interior the centre of circumscribed sphere. 
However, (1) is true for certain particular tetrahedrons, as we can see in notes by Dincá 
[3] or Dincá and Bencze [4]. Our aim is to prove a weaker inequality than (1), but which 
holds for all tetrahedrons. For a particular case this will give another result of type (1). 


Let S4 = Area( BC D), etc. Then in [2] the following is proved: (see pp. 136-137). 
SA: PA+ Sg- PB + Sc- PC + Sp: PD > 3(SíA* Pa + Sg: py + Se: po - Sp: pa) (3) 


Let now m(ABCD) = m := min{S4,Sp,Sc,Sp} and M(ABCD) = M := 
max{ S4, Sp, Sc, Sp). Then (3) gives the following result: 


3 
PA+ PB & PC + PD > "(pq + ps + pe + Pa) (4) 








When m = M, i.e. all faces have equal area, we get again an Erdós-Mordell type 
inequality (1). This is due to Kazarinoff [1]. 
Remark. The multiplicative analogue of the Erdós-Mordell inequality is 


PA-PB-PC-PD > 3 -p,-py- Pe’ pa (5) 
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This is always true, see [2], pp. 127-128. 
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8 On certain inequalities for the distances of a point 


to the vertices and the sides of a triangle 


1. Let P be a point in the plane of a triangle ABC. As usual, we shall denote by a, b, c 
the (lengths of) sides BC, CA, AB; by ha, hy, he the altitudes; by Mma, my, Me the medians, 
and by la,la, le the angle bisectors of the triangle. R will be the radius of circumcircle, 
r - the radius of incircle, p - the semi-perimeter of the triangle. Let Pa, p», p. denote the 
distances of P to the sides BC,C A, AB of the triangle. We will denote by T = T(ABC) 
the area; by O - the circumcentre; J - the incentre; H - ortocentre; G - centroid, of the 
triangle ABC. These notations are standard, excepting that of p(— s); of T = (S or 
F) and la = (wa); see the monograph [1], and our monograph [2]. The following basic 


inequalities are well known 


Y PAP > 2202 (1) 
S PA > 6r (2) 
3 PA22M pa, (3) 


P € int( ABC) (i.e. when P is an interior-point of the triangle). For questions of priority 
(which is very difficult to decide in this field of Elementary Geometry - Algebra - Analysis) 
we note that (1) appears in [R. Sturm: Maxima und minima in der elementaren Geometrie, 
Leipzig, Berlin 1910, p.17], and also in [T. Lalesco: La géometrie du triangle, Paris, 1937, 
p.41]. Inequality (2) could be attributed to [M. Schreiber, Aufgabe 196, Jber. Deutsch. 
Math.-Verein, 45(1935), 63]. It appears also in [J.M. Child, Math. Gaz. 23(1939), 138- 
143], etc. Relation (3) is the famous Erdós-Mordell inequality [P. Erdós - L.J. Mordell, 
Problem 3740, American Math. Monthly, 42(1935), 396, and 44(1937), 252-254]. There 
exist many consequences and applications for these three inequalities. The aim of this 
paper is to obtain certain new proofs, new applications and inequalities of type (1)-(3). 
2. Inequality (1) is proved usually be means of vectors or complex numbers (or Stew- 
art's theorem). For proofs, see [2] p.158, p.189. A new, simple proof can be deduced as 
follows. Let A, be the midpoint of the segment BC’. By the triangle inequality in triangle 
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APA, and the algebraic inequality («+ y)? € <x? + 3y? (equivalent with (2y — z)? > 0), 


NI w 


we can write 





3 3 
m? « (AP + PA) < CAP? +3PA? = ; (AP? L BP? 4 CP — Se, 


NI% 


if we use the formula for medians in triangle PBC. Thus 


XAP > m? + je = 237 
by application of the known formula for m2. One has equality only if A, P, A; are collinear, 
and AP = 2PA;,, i.e. when P = G - the centroid of ABC. For a simple application, let 
P =O in (1). Then we get 
ü +b dec OR’. 
If we apply the well known algebraic inequality (x + y + z)? € 3(a? + y? + 2?) we can 
deduce that 





atb+ce< /3(a? -- 2 + 2) < 3V3R. 


The result a 4- b 4- c € 3V3R is another source for inequalities. For example, by the 


law of sinus, a = 2R sin A, etc., we get the classical trigonometric inequality 
3v3 
2 sin A < ws 


If we use the known identity abc = 3Rrp and the algebraic relation (x+y+z)? > 27xyz 


the above results implies also Euler's inequality R > 2r. Indeed, by using semi-perimeters, 
2 2 


, so 27Rr < 








2TH R 
we have 8p? > 24- ARrp; but 2p? < , giving r < 3 The above 


proved famous inequality by Euler follows directly from (2) if we put P = O. (For a proof 
2 
of (2) see [2], p.122). By NPA > : © PA) , relation (2) implies that 


SPA SI (4) 


However this relation can be proved only via (1), by taking into account of the in- 


equality X a? > 36r? (see [2], p.120). In fact in [2], p.120 it is proved that 


3 E 2 EEn > 36r, 
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thus by (1) we can write that 


Ol] 


p (5) 


NUS > 


which is stronger than (4). We want now to show that another refinements of inequality 
y a? > 36r? (due to N.A. Edwards and J.M. Child, see [1], p.52) hold true. First let P = 
H in (2), and assume that ABC is acute angled triangle. Then, since y AH < ` a 
(see [2], p.109), by (2) we get 


ór X 3 AH € J S æ. (6) 


Let now P = I. Since y» < ` ab (see [2], p.109), we obtain from (2) that 


6r < SAI = Sab. (7) 


The weaker inequality (i.e. 6r < Y ab) is due to F. Leunenberger [Elem. Math. 
13(1958), 121-126]. Since 


(see [2], p.156), inequality (7) can be written also as 


or vB < Y, icio a) < Voy ab 


Let P = I in (3). Since p, = py = p, = r in this case, we reobtain the left side of (7). 





In fact, for this choice of P, inequalities (2) and (3) give the same result. 
There are many known proofs for (3). For a proof by D.K. Kazarinoff, see [2], p.72. 


This proof shows in fact the more precise relation 


3 PAM (: + c) Pa (P € int(ABC)). (8) 


Thus, by applying (8) for P = I, we can deduce the following improvement for the 
left side of (7): 


1 
6r < g oe O(a + b) < AL (9) 
D.F. Barrow (see [2], p.108) obtained another generalization of (3), by proving that 
XO PA>2Ņ_ PA! (P€ int(ABC)), (10) 
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where PA’ is the bisector of the angle APB. Let Ta = T(PBC). Since the angle bisector 
PA’ is greater than the corresponding altitude PAo, and a: PAo = 2T;, from (10) we get 
the inequality 


Y PAS ay 


Here 





Ta b+c 
aN geai p 
XXXI) 
(by 591; — T), finally we get 
2 b+c 
PASCIT T 11 
a a n 
where, as we noticed, T = T(ABC), Ta = T(PBC). For example, when P = G, we have 


T 
= =.= 3 and (11) reduces to the inequality m. > 9r due to E.G. Gotman 
(see [1], p.74). Let the triangle ABC be acute-angled, and let P = O in (10). Then OA’ 





is an altitude in triangle OBC, so 


We obtain the curious inequality > VAR? — a? < 3R. But we can remark that by 
a = 2Rsin A, 1 — sin? A = cos A, this reduces in fact to the trigonometric inequality 
X cos A < : (see [2], p.98). 

Finally, we give two applications of (2). Let ABC be acute-angled, and let 
AA', BB', CC" be the altitudes, and O4, O5, O4 the midpoints of the segments BC, AC, AB 


- respectively. T'hen it is well known that 


AH BH c 
OO, = EX OO, = ER. OO3 = > 
First apply (2) for p = H. Then it results 
2(HA' + HB'+ HC’)< HA+ HB + HC. (12) 


By writing H A' = ha = HA etc., from (12) we get 


2X ha S350 HA. (13) 
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This refines again the left side of (6), since >. ha > 9r. On the other hand, by letting 
AH 
P =O in (2), by OO, = > we obtain 2(OO + OO» + OO3) € 3R, i.e. 


X HA <3R. (14) 
Combining (13), (14) we can write 
Or < Soha «SY HAS SR. (15) 
m ae 72 


Clearly, this refines again Euler’s inequality. 


3. We now will consider two new inequalities, valid for arbitrary points in the plane, 


namely 
» a: PA? > abc (16) 
and 
2 2. 1675 
S PA? . PB? > E (17) 


For inequality (16), see [2], p.55 or p.153 (distinct proofs), and for inequality (17) 
see [J. Sándor, Problem 20942*, Mat. Lapok 11-12/1986, p.486]. We give here a proof of 
(17), which has not been appeared elsewhere. First suppose that P € int( ABC) and let 
a= BPA, pes BPC, y= CPA. Clearly a+ 8 + = 360°. Now, writing that 


Jes XC T(ABO) = 5 aysina 


with x = AP, y = BP, z = CP and applying the classical Cauchy-Buniakovski inequality, 


we have 
1 
T? < 1 (X zy) 63 sin? a) f 
ru) 1 — cos 2a 
Here sin* o = <a and by the formula 
uv U— UV 
COS u + cos v = 2 cos COS : 





2 2 


we easily get 


32 cud 
3 “sin? a zu 5 cos(a + B) cos(a — B) + cos 27) = —? — 0t + 2 


3l 


where t = cos y and 0 = cos(a — 8). The trinomial f(t) = —t? — 0t +2 has maximum and 





Equality occurs when 
xy nz yz 





sina sin H sin y 
and cos(a — 3) = +1, i.e. when O coincides with ther Fermat-point of the triangle. Then 
APAB = APBC = APAC, thus ABC is equilateral, and P is its center. When P is 
situated on the sides or outside the triangle, then by area considerations, we have for 
example, in a region 


| yzsin(a+ 8)  rysiao  zzsinf 


UA 
2 2 2 





or 
T- ry sin a | yzsinB | zzsin(a + 8) 


2 2 2 


in another region. But this doesn’t affects the inequality 





1 
T? < 1 ( J zy) (sin? a + sin? B + sin?(a + B). 
As above, we can show that 


9 
sin? a + sin? + sin?(a + 8) < = 
The only difference is that for exterior points we can’t have equality. 


As a first application of (17), let P = O. This selection gives 


3/3 
T< Nia (18) 


For other proofs, see [2], p.107. This inequality contains the fact that in a circle of 
radius R, the equilateral triangle is the one inscribed, which has a maximal area. If we 


2 
take P = G, then since GA = gi" we can derive 


9T? < S mim; 9 må). (19) 
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For the inequality (16) an immediate application is for P = O, in which case 


2 abc 


> SS OR 20 
—~atb+e : (20) 


giving again Euler’s inequality. We note that for P = J there is equality in (16), while for 
P = H, since AH = 2R cos A, we obtain the trigonometric inequality 


»$ sin Acos? A > I] sin A, 
li 


y sin A x l[sn4 > X sin’ A. (21) 


This inequality is due to J. Sándor. For a vectorial argument, see [2], p.157. The 
application with P = G (which appears also in [2], p.158) gives 


` am? > "abr. (22) 


4. Finally, we consider some simple, but nice inequalities. Let A > 90° and P an 


arbitrary point in the plane (or space). Then one has 
PA? < PB? + PC’. (23) 
Let A, be the midpoint of BC. Then 
PA? < (PA, + AM)? < 2(PA? + AA?) = PB? + PC? -2 (t — aat) 
where we have applied the known formula for the median PA,. It is well known that: 
for A > 90° we have AA, < 5 (24) 


(see [2], p.17). Thus, (23) follows, with equality only if A = 90° and P is the forth vertex 


of the rectangle PBAC. This inequality has some resemblance with 
a-PA<b-PB+c: PC, (25) 


valid for all triangles ABC. This is a consequence of Ptolemy’s inequality for the quadri- 
lateral PBAC (for three distinct proofs see [2] p.51, 142, 176). The generalized form of 


Ptolemy's inequality (|2], p.186), gives two analogous inequalities 
b-PB<a-PA+c:-PC, c-PC<a-PA+b)- PB. 
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For various selections of the point P one can obtain various inequalities between the 


elements of a triangle. For example, when P = G, one gets 
G:mg <b-mate-mMe. 


If A > 90°, (23) gives m2 < m2 -- m2. We wish to note that inequalities (1), (16), (25) 
can be extended to the space, i.e. these results are valid if one considers arbitrary points 
P in the space. We invite the interested reader to deduce certain other applications of the 
considered inequalities, i.e. when P is in the space. For many other relations connecting 


elements in a tetrahedron, we quote the monograph [2]. 
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9 On certain constants in the geometry of 
equilateral triangle 


The equilateral (or regular) triangle seems to be a very simple triangle. However, there 
are certain geometrical positions when surprising properties do appear. For example, the 
well-known Viviani theorem states that if an interior point P is projected to the sides 


BC, AC, AB in P4, P5, resp. P3, then 
PP, + PP; + PP; = constant (1) 


The simplest proof of (1) is via area considerations. By the additivity of the area 
function, A(BPC)+ A(APC)+ ALAPB) = A(ABC) (where A(ABC) = area(ABC)) we 
get 

PP, + PP, + PP, = 2A(ABC)/a=h, 
where a and h denote the lengths of sides and heights in the triangle. 

1. Now let A,B,C be a new triangle constructed in such a way that A,B, L AC, 
C € A, By; AC, L BC, B € A,C, and B,C, L AB, A € B,C. It is immediate that this 
new triangle is regular, too, and BP, = PB’, CP, = PC’, AP, = PA’ (where A’, B', C" 
are the projections of P to B,C), A1Ci, resp. A,B,). Applying Viviani's theorem (1) in 
this new triangle A,B,C, one gets PA’ + PB’ + PC’ = constant, implying: 


BP, + CP, + AP; = constant (2) 


This surprising constant is similar to (1), but quite different. We note that a less 
elegant proof of (2) follows if one applies the generalized Pythagorean theorem in triangle 


BPC and its analogues. One obtains 
PC? = BP? ba — 2aBP,, 


PA = CP? + a? = 2aC P», 





PB? = AP? + a? — 2aAP3. 
By addition, (2) follows. 
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2. Let now P be an arbitrary point of the circle inscribed in ABC. Applying Stewart’s 
theorem for the points C", O, C (O is the centre of circle, C’ is the tangent point of the 
circle with the side AB) and P, one has 


PC? aU — PO? - C'C + PC’? - OC = C'O-OC -C'C, 
ETE 


or, since OC" = r = ER after some simple transformations 
PC? +2PC” = 9r? (3) 


PC’ being the median of triangle PAB, with the median formula one has 2PC” = 
PA? + PB? — 3r?, so (3) gives 


PA? + PB? + PC? = 15r?(= constant) (4) 


This is well-known, but we note that by generalizing the above ideas for an arbitrary 


triangle ABC, the constant 
a: PA? +b. PB? +c- PC? = constant (5) 


can be deduced. Usually, (4) (or (5)) is proved via Analytical Geometry. 
3. Let now Pi, P», P3 be the projections of interior point P to the sides (as in 1.), but 
suppose that P is on the inscribed circle (as in 2.). Let BP, = z, CP; = y, AP; = z. 


From the obtained right triangles one obtains 
ety? cz = a=) F amg) F amay (6) 


(this may give again a proof of (2)). Applying the generalized Pythagorean theorem in 
triangle P, PC: 
P,P; = y! + (a - x)? — y(a — x) (7) 


In the inscriptible quadrilateral PPCP the segment PC is a diameter, so by the 


sin-theorem 


2 
PB= e P, P, (8) 
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By writing two similar relations, after addition the equality 





3 
q (PA t PB? + PO) a3 +y +2? + (a@—2) +a- y’ + (a-z) 


=z(a — z) — y(a — x) — z(a — y) (9) 


will be deduced. By (4), (6), (2) this implies that 





2(a? + y? +27) + cy + xz +yz = constant (10) 
By (1) and (10) follows 
xy + xz + yz = constant (11) 
r? +4? +2? = constant (12) 
Since PP? + PP? + PP? = PA? + PB? + PC? — (a? +y? + 2°), (4) and (12) gives 


PP? + PP? + PP? = constant, (13) 


known as Gergonne’s theorem. The proof of (13) was quite long, but in the course of 


solution, many "hidden" constants were discovered, e.g. 


BP? + CP; + AP? = constant (14) 

P,P} + P,P? + P,P} = constant (15) 
BP,-CP)+ BP,- AP, + CP, - AP, = constant (16) 
PP,-PP,+ PP PP3+ PPS: PP} = constant (17) 








Remarks. 1) If P is on the circumscribed circle (to ABC), relations (4) and (13) 
remain true. For the proof the geometrical construction of the first paragraph can be 
repeated, with the difference that in place of A,B, L AC one considers A,B, L AA’ 
(where AA’ is a heigh of the triangle ABC), etc. Then the circumscribed circle becomes 
an inscribed circle of triangle A41 B,C;, and the above proved relations may be applied. 

In fact, one can consider any circle which is concentrical with the inscribed circle. 

2) The constant (1) has important applications in Geometric inequalities (see [1]). 


Other connections appear in [2]. 
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10 The area of a Pythagorean triangle, as a perfect 
power 


Let ABC be a Pythagorean triangle of legs b,c and hypothenuse a. Then it is well 


know that a,b,c are given generally by 


a — d(u? + v?) 
b = d(v? — u?) (1) 
c — 2duv 


where (u,v) = 1, v > u and u,v have distinct parity; d is arbitrary (or b — c, c — b). 
The area of ABC is 


A= z = @uv(v? — u’). 


One has: 
Theorem 1. (Fermat) The area of a Pythagorean triangle cannot be a perfect square. 


Proof. Let d?uv(v? — u?) = t? (t > 0 integer). Then d?|t?, so d|t. Let t = dw, giving 
uv(v? — u’) = w’. (2) 


Since (u,v) = (u,v? — u?) = (v,v? — u?) = 1, clearly (2) gives u = y?, v = z?, 


v? — u? = 2”. This implies the equation 


Here (x,y) = (z,z) = (y, z) = 1, x > y have distinct parities. We shall prove by 
Fermat's descent that (3) cannot have solutions. First observe that r cannot be even 
(indeed, if x would be even, then since y is odd, y? = 1 (mod 8) so x! — y! = —1 
(mod 8) Z 1 (mod 8) = z? (since z is odd)). Therefore x must be odd and y even. By 
(1) (with d — 1) one can write 


r? =a? +b, y? =2ab, uet (4) 


with a > b, (a,b) = 1 having distinct parities. Let a = even, b = odd. Since y? = 2ab, y is 
even, let y = 2Y. From ab = 2Y? and a = 2a’ one gets a'b = Y? so a’ = p?, b = q?, with 
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(p,q) = 1. We have obtained: a = 2p”, b = q?, so 
w” = (2p)? (dy, y = 2pq. (5) 
Applying (1) once again to (5) we get 
g=r?+s?, 2p =2rs, =r- 3? (6) 


with r > s, (r,s) = 1 having distinct parities. From p? = rs one obtains r = t?, s = n? 


with (t,n) = 1, so 
P=- ni, (7 
with (t,n) = 1 having distinct parities. 

Remark moreover that t = yr < p < yz since p? = rs < 2rs < r?-- s? = x. Therefore 
we have obtained equation (7) which is completely analogous to (3), but with component 
t < x. By the infinite descent method of Fermat, equation (3) cannot have solutions in 
positive integers (thus in non-zero integers). This proves Theorem 1. 

Remark 1. Theorem 1 was based on the fact that eq. (3) is not solvable when z, y, z 
are mutually prime and x > y have distinct parities. But eq. (3) has no solutions in 
positive integers in all cases. Indeed, we may suppose (x, y) = 1 (otherwise, let (x, y) = d, 
so x = dX, y = dY, (X,Y) = 1, implying d(X? —Y?) = z?. Hence d?|z, i.e. z = d?Z. This 
now yields X? — Y? = Z?, where (X,Y) = 1. Now this implies similarly (X, Z) = 1 and 
(Y, Z) = 1 (indeed, if 6 is a prime divisor of X and Z, then 6|Y? so ó|Y , contradiction)). 
Now, remark that x cannot be even (as above, see the proof of Theorem 1!), and for y we 
can have two possibilities: 

a) y even 

b) y odd. 

The case a) has been studied above (see eq. (3)). In case b), let x? = a?+b?, y? = a?—U?, 
z = 2ab with a > b, (a,b) = 1 having distinct parities. It results z?y? = af — bf, so 
a^ — bt = (xy)? with a < x. The descent methods yields the impossibility of existence of 
solutions of this equation. 

Theorem 2. The area of a Pythagorean triangle cannot be the double of a perfect 


square. 
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Proof. Let A = 2t?. Then d?uv(v? — u?) = 2t?, where (u,v) = 1, v > u have distinct 
parities. Let v = 2V, u = odd, (u, V) = 1. Then uV (AV? — u?) = t?. Thus t = dw, i.e. 
uV (AV? — u?) = w?. Here (u, V) = (u, 4V? — u?) = (V,AV? — u?) = 1, so u = x°, V =y’, 
4V? — u? = z?. By conclusion: 4y! — xt = z?. Here x is odd, so z? =1 (mod 8). Hence 
y cannot be even (since, then 4y* — z^ = —1 (mod 8) Z1 (mod 8) = 2°). If y is odd 
then 4y! — 2^2 4.1— 1 (mod 8)23 (mod 8)#1 (mod 8) = z?. 

Remark 2. Let (3d, 4d, 5d) be a Pythagorean triangle. Then area = 6d?. For d = 6 
this is a perfect cube: area = 6 - 6? = 6?, while for d = 6? one obtains area = 6 - 6* = 6°. 
Thus, the area of a Pythagorean triangle may be a perfect nth power, for n > 3. However, 
the following can be proved: 

Theorem 3. The area of a primitive Pythagorean triangle cannot be an nth power 
(for any n 2 2). 


Proof. Let in (1) d= 1. Then area = uv(v? — u?). Let us suppose that 
uv(v? — u?) =t” (n> 2) (8) 


Then, by (u,v) = (u, v? — u?) = (v, v? — u?) = 1 one has u = 2", v = y^, s? — u? = z^, 
implying 
PS ee 0) 


This in fact is 
X” +2" =Y" (10) 


where X = z?, Y = y?. Since in 1995 A. Wiles has proved that (10) has no non-trivial 
solutions, the proof of Theorem 3 is completed. 
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11 On Heron Triangles, III 


1. Let ABC be a triangle with lengths of sides BC = a, AC = b, AB = c positive 
integers. Then ABC is called a Heron triangle (or simply, H-triangle) if its area A — 
Area( ABC) is an integer number. The theory of H-triangles has a long history and certain 
results are many times rediscovered. On the other hand there appear always some new 
questions in this theory, or even there are famous unsolved problems. It is enough (see 
e.g. [2]) to mention the difficult unsolved problem on the existence of a H-triangle having 
all medians integers. The simplest H-triangle is the Pythagorean triangle (or P-triangle, 
in what follows). Indeed, by supposing AB as hypothenuse, the general solution of the 
equation 


+e (1) 
(i.e. the so-called Pythagorean numbers) are given by 
a=X(m?—n?), b=2\mn,c= A(m? +n?) (if b is even) (2) 


where A is arbitrary positive integer, while m > n are coprime of different parities (i.e. 
(m,n) = 1 and m and n cannot be both odd or even). Clearly A = = = A?mn(m? — n?), 
integer. 

Let p be the semiperimeter of the triangle. From (2) p = A(m? -- mn); and denoting 


by r the inradius of a such triangle, it is well known that 
r=p-c (3) 


implying that r is always integer. 
On the other hand, the radius R of the circumscribed circle in this case is given by 
the simple formula 
c 


R=5 (4) 


which, in view of (2) is integer only if À is even, A = 2A (A > 0). The heights of a 
P-triangle are given by 


ha = b, ha = b, he = a (5) 


therefore all heights are integers only if c|ab, which, by (2) can be written as (m? + 





n?)|2Amn(m? — n?). Since (m,n) = 1, of different parity, it is immediate that (m? + 
n?, 2mn(m? — n?)) = 1, giving (m? + n’); i.e. A = K(m? + n?) (K > 0). 
By summing, in a P-triangle the following elements: A, ha, hy, h.,r, R are integers at 


the same time if and only if a, b, c are given by 
a = 2d(m* — nf), b=4dmn(m?+n?), c-2d(m?-- »?y*, (6) 


where we have denoted K = 2d (as by (4), \ is even and m? + n? is odd). 

In fact this contains the particular case of the P-triangles with a = 30n, b = 40n, 
c = 50n in a problem [7] by F. Smarandache, and in fact gives all such triangles. 

2. An interesting example of a H-triangle is that which has as sides consecutive 


» 


integers. Let us denote by CH such a H-triangle (i.e. "consecutive Heron"). The CH- 
triangles appear also in the second part [6] of this series, where it is proved that r is 
always integer. Since in a H-triangle p is always integer (see e.g. [3], [4]), if z — 1,z,x +1 
are the sides of a CH-triangle, by p — = we have that x is even, x = 2y. Therefore 
the sides are 2y — 1,2y,2y + 1, when p = 3y, p—-a=yt+1l1,p—b=y,p—c=y-1 
giving A = y3yly + 1)(y— 1) = yv/3(y? — 1), by Heron's formula of area. This gives 


= J/3(y? — 1) = rational. Since 3(y? — 1) is integer, it must be a perfect square, 





y 
3(y? — 1) = t?, where 
A= yt: (7) 
Since the prime 3 divides t?, clearly 3]t, let t = 3u. This implies 
y? — 3u’ =1 (8) 


which is a ”Pell-equation”. Here v3 is an irrational number, and the theory of such 
equations (see e.g. [5]) is well-known. Since (yi, ui) = (2,1) is a basic solution (i.e. with 


yı the smallest), all other solutions of this equations are provided by 
Yn + Unv3 = (2+ v3) (n > 1). (9) 
By writting 
Yn41 + Un41 V3 = (2 + VB) = (v. + unv3) (2 + v3) = 2yn + 3tn + V3(y, + Zun), 
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we get the recurrence relations 


UE RT Mei cS (10) 
Unt = Yn + 2Un 
which give all solution of (8); i.e. all CH-triangles (all such triangles have as sides 2y,, — 
1, 2ys, 2ys +1). By y, = 2,7, 26,97,... we get the CH-triangles (3, 4,5); (13,14, 15); 
(51, 52, 53); (193, 194, 195); . . .. 
Now, we study certain particular elements of a CH-triangle. As we have remarked, r 


is always integer, since 








(in other words, in (10) un represents the inradius of the nth CH-triangle). If one denotes 
by ha, the height corresponding to the (single) even side of this triangle, clearly 
2A A 


Therefore we have the interesting fact that həy is integer, and even more, r is the third 


hay 3r. 


part of this height. On the other hand, in a CH-triangle, which is not a P-triangle (i.e. 

excluding the triangle (3,4, 5)), all other heights cannot be integers. (11) 
2y— 1 

Indeed, Qu De = A= yt gives (2y—1)« = 2yt (here x = h»,.. for simplicity). Since 





(u, y) = 1 and t = 3u we have (t, y) = 1, so £ = is integer only if (2y — 1)|t = 3u. 


2 
2y—1 
Now, by y? — 3u? = 1 we get 4y? — 1 = 12u? + 3, ie. (2y — 1)(2y +1) = 3(4u2 +1) = 
A(3u?) 1 3. Therefore (2y — 1)|3u implies (2y — 1)|3u?, so we must have (2y — 1)|3, implying 


(2y + 1)z 


2 
y = 2 (y > 1). For hoy41 we have similarly eg eisoze 54 where 
y 


(2y + 1)|t = 3u & (2y +1)3 & y= 1 (as above). Therefore z = hai ae be 
integer in all CH-triangles. (Remember that x = ha,_; is integer only in the P-triangle 
(3,4,5)). 

For R the things are immediate: 
abc 2y(4y?—1) 4y^—1 odd 


= int n 12 
i: AA Ayt 2t even or (12) 





Let now ra denote the radius of the exscribed circle corresponding to the side of 


length a. It is well-known that 





yt 
: yT1 
=e Here (y+1,y) = 1, so ro, is integer only when (y + 1)|t = 3u. Since y? - 34? = 1 
implies (y — 1)(y-- 1) = 3u? = u(3u), by 3u = (y+ 1)k one has 3(y — 1) = 3uk = (y+1)k? 
3(y — 1) 


6 
and y—1- uk. By k? = "WI = OS sey we get that (y+ 1)|6, i.e. y € {1,2,5}. We 


can have only y = 2, when k = 1. 


t 
By ra; = 2 (= 3r, in fact), we get that rə is integer. Now ro, = Par 


Therefore r2,_; is integer only in the P-triangle (3, 4, 5). (13) 

In this case (and only this) ray41 = — = 6 is integer, too. 

Remarks 1. As we have shown, in all CH-triangle, which is not a P-triangle, we can 
exactly one height, which is integer. Such triangles are all acute-angled. (Since (2y — 1)? + 
(2y)? > (2y 4- 1)?). In [4] it is stated as an open question if in all acute-angled H-triangles 
there exists at least an integer (-valued) height. This is not true, as can be seen from the 
example a = 35, b = 34, c= 15. (Here 34? + 15? = 1156 + 225 = 1381 > 35? = 1225, so 
ABC is acute-angled). Now p = 42, p— a = 7, p— b = 8, p—c = 27, A = 252 = 2?. 3? -7 
and 35 = 7 - 5 2A, 34 = 2- 17 { 2A, 15 = 8-5 1 2A. We note that ha = = is integer 
only when a divides 2A. Let n be an integer such that 5 - 17 4 n. Then 35n, 34n, 15n are 
the sides of a H-triangle, which is acute-angled, and no height is integer. The H-triangle 
of sides 39, 35, 10 is obtuse-angled, and no height is integer. 

3. Let now ABC be an isosceles triangle with AB — AC — b, BC — a. Assuming 
that the heights AA’ = x and BB’ = y are integers (clearly, the third height CC’ = BB’), 
by b? = z? + es we have - = |? — x* = integer, implying a—even. Let a = 2u. Thus 

b? — sg? a. (14) 


xa 
We note that if x is integer, then a = 2u, so ABC is a H-triangle, since A = 3 -m-. 


The general solutions of (14) (see (2)) can be written as one of the followings: 
(i) b = A(m? +n’), x = A(m? — n?), u = 2Amnm; 
(ii) b = A(m? + n2), x = 2Amn, u = A(m? — ?). 
We shall consider only the case (i), the case (ii) can be studied in a completely anal- 


Ogous way. 
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2A 
Now a = 4Amn, b = A(m? + n?); so A = 22?mn(m? — n?). Thus y = E is integer 
2A 
only when A(m? + n?)|AMmn(m? — n?). Thus y = ae is integer only when A(m? + 
n?)|4\2mn(m? — n?). Since (m? + n?, 4mn(m? — n?)) = 1 (see 1., where the case of 


P-triangles has been considered), this is possible only when (m? + n?)|A, i.e. 
A= s(m? +n’). (15) 


Therefore, in an isosceles H-triangle, having all heights integers, we must have (in 
case (ii) a = 4smn(m? + n?); b = s(m? +n”)? (where a is the base of the triangle) or (in 
case (ii)) 


a = 2sm(m* — n), b= sm(m? 4- n?)?. (16) 


We note here that case (ii) can be studied similarly to the case (i) and we omit the 
details. 

In fact, if an isosceles triangle ABC with integer sides a,b (base a) is H-triangle, then 
p= bz = integer, so a = 2u = even. So p= b+ u and p— b = u, p—a=b—- 5 = b—u, 
implying A = \/p(p — a)(p — b)? = uy? — u?. This is integer only when b? — u? = q?, 


when A = uq. Now b? — u? is in fact z? (where x is the height corresponding to the 





base a), so q = x. In other words, if an isosceles triangles ABC is H-triangle, then its 
height r must be integer, and we recapture relation (14). Therefore, in an isosceles 
H-triangle a height is always integer (but the other ones only in case (16)). In such a 
triangle, r = > = umm where b? = u? + q?. By (2) we can write the following equations: 
i) b= A(m? +n”), u = 2Amn, q = A(m? — n?j; 
ii) b = A(m? + n?), u = A(m? — n?), q = 2Amn. 
In case i) b+ u = A(m + n)?|uq = 22?mn(m? — n?) only iff (m 4- n?|24mn(m? — n?), 
i.e. (m 4- n)|2Amn(m — n); and since (m+n, 2mn(m — n)) = 1. This is possible only when 
(m 4- n)|A, i.e. 
A= s(m 4- n) (17) 
case (ii) we get m|A, so À = sm 
Therefore in an isosceles triangle r is integer only when 


i) b= s(m -- n)(m? + n?), a = 2n = 4mns(m + n); or 
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ii) b = sm(m? + n°), a = sm(m? — ?). 


b ph 2mb b 
For R 1 A 1 N m 2q we have that R is integer only when 2q|b?, where 


b? = n? + q?. In case i) we get 2A(m? — n?) 2 (m? + n?)?, which is possible only when 











2(m? — n?)|A or in case ii) 4Amn|A? (m? + n?)? i.e. 4mn|A. By summing, R is integer only 
if ini) A = 2s(m? — n?), while in ii), A = 4smn. Then the corresponding sides a,b can be 
written explicitely. 

From the above considerations we can determine all isosceles H-triangles, in which all 


heights and r, R are integers. These are one of the following two cases: 


1) a= 4kmn(m* — n*), b = 2k(m? — n?)(m? + n?)?; 


(18) 
2) a= 4kmn(m? — nf), b= 2kmn(m? + n’) 


where k > 1 is arbitrary and (m, n) = 1, m > n are of different parity. 
uq 





In the same manner, by ra = in case i) b— u 2 A(m — n)?°ļuq = 


2?mn(m? — n?) only if (m — n)|A s is 2 Een while in case ii) b — u = 2\n?|ug = 
2\?mn(m? — n?) iff n|A, i.e. A = sn. We can say that ra is integer only if A = s(m — n) in 
i) and A = sn in ii). We omit the further details. 

4. As we have seen in Remarks 1 there are infinitely many H-triangles having none of 
its heights integers (though, they are of course, rationals). Clearly, if at least a height of 
an integral triangle (i.e. whose sides are all integers) is integer, or rational its area is 
rational. We now prove that in this case the triangle is Heron. More precisely if a height 
of an integral triangle is rational, then this is a H-triangle. Indeed, by A = > = rational, 


we have that A is rational. 


On the other hand, by Heron’s formula we easily can deduce 
16A? = 2(a7b? + aà?c? +b) — (af +b +c’). (19) 


Therefore (4A)? is integer. Since A = rational, we must have 4A = integer. If we can 
prove that 4|4A then clearly A will be integer. For this it is sufficient to show (4A)? = 8k 
(since, then 4A = 2l so (4A)? = 4/?! implies | = even). It is an aritmetic fact that 
2(a?D? + a?c? + b?c?) — (at + bt + c*) is always divisible by 8 (which uses that for x odd 


x? = 1(mod4), while for x even, x? = 0(mod4)). 


AT 


Let now ABC be a H-triangle with BC = a = odd. We prove that the height 
AA’ = ha is integer only if a|(b? — c?). (20) 


Indeed, let A be integer, with a,b,c integers. Then ha is integer iff a|2A. But this is 
equivalent to a?|A4A? or 4a?|16A?. Now, by (19) 


4a?|[2(a?b? + a?c? + bc?) — (a* + b¢ +. c*)] e a?|(2b?c? — b — c*) = —(8? — cy 


(since the paranthesis in bracket is divisible by 8 and (a?,4) = 1). Or, a?|(b? — c?)? is 
equivalent to a|(b? — c?). 


Clearly, (19) implies a?|(b? — c?)? for all a, therefore if 
at (0? — c?) (21) 


h, cannot be integer. But (19) is not equivalent with (20) for all a (especially, for a — 
even). In fact (19) is the exact condition on the integrality of ha in a H-triangle. 
For general H-triangle, the conditions on the integrality of heights on r, R are not so 
simple as shown in the preceeding examples of P, CH or isosceles H-triangles. 
Sometimes we can give simple negative results of type (21). One of these is the follow- 
ing: 


Suppose that in an integral triangle of sides a, b,c we have 
2(a +b + c) f abc. (22) 


Then r, R cannot be both integers. 


A 
Indeed, suppose a,b,c,r, R integers. Since r = —, clearly A is rational, so by the 


b 
above argument, A is integer. So p is integer, too, LA = a+b+4+c|2A. Now 
b 
R= xv so 4A |abc. Therefore 2(a + b + c)|4A|abc if all the above are satisfied. But this 


is impossible, by assumption. 

Certain direct results follow from the elementary connections existing between the 
elements of a triangle. 

For example, from R — IE. and sin B — ha we get R = x implying the following 


2sin B ha’ 
assertion: 
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If in an integral triangle of sides a,b,c we have ha = integer, then R is integer only if 
2h, |bc. (23) 


This easily implies the following negative result: 

If in an integral triangle of sides a,b,c all heights ha, ho, he are integers, but one of 
a,b,c is not even; then R cannot be integer. 

Indeed, by (23) 2h, |bc, 2h;|ac, 2h.|ab so bc, ac, ab are all even numbers. Since a+b+c = 
2p is even, clearly all of a, b, c must be even. 

5. The characterization of the above general problems (related to an arbitrary H- 
triangle) can be done if one can give general formulae for the most general case. Such 
formulae for a H-triangle have been suggested by R.D. Carmichael [1], and variants were 
many times rediscovered. We wish to note on advance that usually such general formulae 
are quite difficult to handle and apply in particular cases because the many parameters 
involved. The theorem by Carmichael can be stated as follows: 

An integral triangle of sides a, b, c is a H-triangle if and only if a, b, c can be represented 


in the following forms 


| (m — n)(k? + mn) 
a 1 i b 


_ mk? +n?) | n(k? +m?) 


24 
LÀ, ee (24) 








where d,m,n,k are positive integers; m > n; and d is an arbitrary common divisor of 
(m —n)(k? + mn), m(k? +n’), n(k? +m?). 


For a complete proof we quote [3]. 





2 
Now, from (24) we can calculate p = m mm) and 
kmn(m — n)(k? + mn) 

AS m 


In fact, the proof of (24) involves that p and A are integers for all k,m,n,d as given 


above. By simple transformations, we get 


|.2A  2kmn 
^w d’ 


j 2A  2kn(m — n)(k? + mn) 
b= XE , 


ha b d(k? + n3) 








dues 2kmn(m — n)(k? + mn) 
E d(k? + m?) i 
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A. kn(m—n) | abc — (k? 4 m?)(K? +n?) 
Va ge SMS AC Akd = 


These relations enables us to deduce various conditions on the integer values of the 








above elements. 
Particularly, we mention the following theorem: 
All integral triangles of sides a,b,c which are H-triangles, and where r is integer are 


given by formulae (24), where d is any common divisor of the following expressions: 
(m—n)(k?+mn); m(k? +n’); n(k?+m?); kn(m-m). (26) 


6. As we have considered before, among the CH-triangles in which all of r, r4, ry, fe 
are integers are in fact the P-triangles. 
In what follows we will determine all H-triangles having r, r4, ry, re integers. 


Therefore, let 




















be integers. 
Put p — a = z, p — b = y, p — c = z, when 3p — 2p = t +y +2 =p. 
Then yyz(x +y +2), zz(z-- y 4 z), yzylz+y+z), yzyz/(x+y+z) are all 


integers, and since z, y, z are integer, the expressions on radicals must be perfect squares 











of integers. Let 
ry(r-y-z)-1' zz(z+y+z)=p, yzlz+y+z2) =, ———— —w. (27) 


Then by multiplication x?y?z?(x + y + z)? = t?p?q?, so 





2 
tpq | E 
) ? 


X ARE 
d Ec +y+z 


where tpg = vxyz(z + y + z) = v?xryz. 
zyz 
This gives as = wu? so gyz = uv? and tpq = u2v°. Now tyv? = t, xz? = p°, 
v 


2 


2 
t 2 
yzv? = d? give ry = (5) , where t = vni, zz = (5) , where p = vno, yz = (*) , where 
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? we get ninong = u?v?. By zy = nj, 


q = vna (ni, n», na integers). By v?nin2n3 = u?v 
zz = n, yz = ni, tyz = we t ty te = 07) we get @ = diX?, y = dY^ (with 
(X,Y) = 1), nı = dı XY; £ = dh U?, z = daV?, na = daUV, (U,V) = 1; y = daW?, 
z = d30?, where (W,Q) = 1, n3 = d WQ. From zyz = d? X’°Y? dV? = u?v? it follows 
that dz is a perfect square. So x is a square, implying that dı is a square, implying y = 
perfect square. Thus n3 = square, giving z = perfect square. All in all, x,y,z are all 


perfect squares. Let z = o?, y = ?, z = 4?. Then 


o? f, r.a 2 (28) 
b = —b [e 
Plonopc esie c E E e n e cut en es 2 
2 2 2 
we can easily deduce 


Now, the primitive solutions of (28) (i.e. those with (o, 8,7) = 1) are given by (see 
e.g. [1]) 


a=mk—ns, B=mstnk, y=m +n- k- 3?, 





v=m +n +k s? (30) 
where m,k,n,s (mk > ns, m? +n? > k? +s?) are integers. By supposing (a, 6,y) = d, 
clearly œ = doi, b = dB, e = dy, and d?(a? + 82 +7?) = v? implies d?|v?, so d|v. Let 
v = dv, giving a? + 82 + 42 = v2. Thus the general solutions of (28) can be obtained 
from (30), by multiplying each term of (30) by a common factor d. 
These give all H-triangles with the required conditions. 
Remarks 2. Many generalized or extensions of Heron triangles or arithmetic problems 
in geometry were included in paper [6]. The part IV of this series (in preparation) will 


contain other generalized arithmetic problems in plane or space (e.g. " Heron trapeziums" ). 
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Note added in proof. After completing this paper, we learned that Problem CMJ 
354 (College Math. J. 18(1987), 248) by Alvin Tirman asks for the determination of 
Pythagorean triangles with the property that the triangle formed by the altitude and 
median corresponding to the hypothenuse is also Pythagorean. It is immediate that the 


solution of this problem follows from paragraph 1. of our paper. 
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12 An arithmetic problem in geometry 


1. The following old problem in its complete generality was studied in 1891 by Gy. 
Vályi (see [2] or [3]): 

" Determine all triangles with integer sides for which the area and perimeter are mea- 
sured by the same number." 

By applying the Heron formula for the area of a triangle, the above problem reduces 


to the following diophantine equation: 
ryz =4(z ty +2) (1) 


Vályi deduced a very elegant solution of this equation and obtained that all solutions 


of the above geometric problem are the following (a, b, c - the sides of the triangle): 
(a,b,c) = (6,25, 29); (7, 15, 20); (9, 10, 17); (5, 12, 13); (6,8, 10). 


The case of right triangles has been rediscovered also by I. Trifon [5]. Then only the 
last two solution can be accepted. 

2. The analogues problem for quadrilaterals can be stated as follows: 

” Determine all inscriptible quadrilaterals with integer sides having area and perimeter 
measured by the same number.” Therefore, instead of general quadrilaterals we consider 
only inscriptible ones. This case is enough difficult - as we will see - to study. Let a,b,c,d 


be the lengths of sides and p = (a + b + c + d)/2 the semiperimeter. Then (see [1]) 





Area = \/(p — a)(p — b)(p — c)(p - d) =a+b+e+d 


with the notations p—a = z, p—b = y, p—c = z, p—d = t gives the following diophantine 
equation: 
ryzt = (e@+yt2+t) (2) 
In what follows first we shall study equation (2) in its most generality, without any 
geometrical background. 
First remark that unlike equation (1), the equation (2) has infinitely many solutions. 


Indeed, if (x, y, z, t) is a particular solution, then it is easy to verify that (x, y, z, ryz—2(a+ 
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y 4- z) — t) is also a solution. The equation being symmetric, with use of permutations, the 
following will be solutions, too: (x, y, ryt -2(z -y--t) —z, t); (zx, zt —2(x-- zt) y, z, t); 
(yzt —2(y-4- z -t) ^ 2, y, z, t). Thus, from the solution (4,4,4,4) step-by-step, the following 
chain of solutions can be obtained: (4, 4, 4, 4) — (4,4, 4, 36) — (4, 4, 484, 36) — ... It can 
be shown, that in fact all solutions of (2) can be obtained by the aid of the transformation 
(x,y,z,t) > (x,y,z, xyz —2(x-y-- z) — t) and its permutations from those " fundamental 
solutions" which satisfy 


GLY SBR r+y+z?>t (3) 


(see [2]). Now we shall determine all these fundamental solutions. If (3) is valid and zy < 4, 
then zyzt < 4zt < (x +y + z --t)?, so (2) cannot be true. If ry > 48, then since t < 3z it 
follows 
t 
ryz > 48:1 S16? (roy zy, 
so (2) is again impossible. 


Let now 5 € zy < 48. Then from (3) and by (2) one can write 
A(z +y +z t)? = 4xyzt = zy[(z + t)? — (t - z)] > syle +t) — (z + y)’], 


implying 
(zy — 4)(z +t)’ — 8(z - y)(z t) - (zy - (x - <0 (4) 


This second order inequality gives at once 





A(x +y) + J/16(x + y)? + (x +y)? (zy — 4)(xy + 4) | gy 4 
sy —A sy —A 





z+t< 


(+y) (5) 


which shows that z,t can have at most a finite number of values. By taking into account 
the above considerations, one can say that all fundamental solutions must satisfy the 


following system of inequalities-equalities: 


5 < xy < 48 
LSU SSE, La eee 
vy +4 (6) 
Lge | 
z Saed" y) 


(x +y +z +t?’ = xyst 
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By using a Basic Program, the following solutions can be deduced: 
(25:595) = (1,5,24, 30); (1, 6, 14, 21); (1,8,9, 18); (1,9, 10, 10); 


(2,3, 10, 15); (2, 4,6, 12); (2, 5, 5, 8); (3,3, 6, 6); (4, 4, 4, 4). 
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Chapter 2. Diophantine equations 


"... The higher arithmetic, or the theory of numbers, is concerned with the properties of 
the natural numbers 1,2,3... These numbers must have exercised human curiosity from 
a very early period; and in all the records of ancient civilizations there is evidence of 
some preoccupation with arithmetic over and above the needs of everyday life. But as a 
systematic and independent science, the higher arithmetic is entirely a creation of modern 


times, and can be said to date from the discoveries of Fermat (1601-1665)...” 


(H. Davenport, The higher arithmetic, London, 1962) 
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Ll... d 


1 On the equation — + — = - in integers 
dew. um 
It is sufficient to consider x,y,z > 0. Indeed, if x,y,z < 0 one can take (—z, —y, —z) 
1 1 1 
in place of (x,y,z). When x < 0, y > 0, z > 0, let x = —X. Then = = = + x' which is 
U- x 


the same, with other notations, as the equation in the title. 

We shall use, among others the two lemmas of another article [4] (see also [3]). 

Lemma 1. If x >0, y »0, (z,y) =1, then (a+ y, xy) = 1. 

Lemma 2. If k > 0 is not a perfect square, then Vk € Q. 

Another solution will be deduced by the application of the so-called Euler-Bell-Kalmár 
equation. 

The first solution is based on a correction of an incomplete solution due to Marian L. 
Caines from [5]. 


1. It is immediate that (1) has the equivalent form 
(r—z)(y—2)- 2, (1) 


or 

uv =z (2) 
where u = x — z > 0, v = y — z > 0. (Clearly = +2 = : implies z < x, z < y). Let 
(u,v) = d, so u = du;, v = dv, with (u1, v4) = 1. Tum (2) uiv = z?, and Lemma 
2 implies d|z (otherwise J/uiv; would be irrational) so z = dz. From uv = z? with 
(u1, v1) = 1 one has u, = a’, v4 = 0?, thus z = ab. These relations give x = dab + ds? = 
da(a +b), y = dab + d? = db(a + b), z = dab, with (a,b) = 1, d > 1 arbitrary. This is the 
most general solution of the stated equation. 


2. Another method is based on Lemma 1. Indeed, writing the equation in the form 
z(£ +y) = zy (3) 


and letting (x,y) = k, ie. x = ka, y = kb, (a,b) = 1, one has from (3) z(a + b) = kab. 
Now Lemma 1 gives ab|z, i.e. z = dab (d > 1). Therefore d(a + b) = k, giving d|k, i.e. 
k = dkı. Since a +b = ky, it results z = dkıa = da(a + b), y = dkıb = dba(a +b), z = dab, 
where (a,b) = 1. 
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3. The equation XY = ZT, first studied by Euler, then Bell and Kalmar (see [1], 
[2]) can be solved as follows: Let (X, Z) = d, i.e. X = dm, Z = dn, (m,n) = 1. Then 
mY = nT, so m|nT giving m|T, i.e. T = km. Thus mY = nkm, or Y = nk. By summing, 
X = dm, Y = kn, Z = dn, T = km (this is the famous "four-number theorem"). Now, 
from (3) one can write z = dm, x+y = kn, x = dn, y = km, (m,n) = 1. Since 


dn + km = kn, one has n|km so n|k, yielding k = ns. Finally, one obtains 
z-—sn(n— m) y=snm, z-sm(n-m), 
which give in fact (by using a change of variables) the general solutions. 


Bibliography 


1. Gy. Berger, J. Sándor, On certain diophantine equations (Hungarian), Mat. Lapok 
(Cluj) 7/1989, pp.269-272. 


2. K. Hàrtig, J. Surányi, Combinatorial and geometrical investigations in elementary 
number theory, Periodica Mat. Hunarica 6(3)(1975), 235-240. 
3. J. Sándor, On a diophantine equation (Romanian), Gaz. Mat. 2-3/1982, 60-61. 
: "i | D 
4. J. Sandor, On the equation — + — = ~ in integers, these Selected papers. 
z? y A 


5. Ch.W. Trigg, Mathematical Quickies, New York, 1968. 


58 


e. 1 1 1 e e 
2 On the equation — + — = — in integers 
T? 2 2 
uy Z 
There appeared many incorrect solutions of this equation along the years. For example, 


J.D. Thérond [5] stated that all solutions in positive integers are given by 
r =4m(4m +1), y= (4m? — 1)(4m? +1), z=4m(4m?-1), (m>1) (1) 
I. Safta [2] ” proved” that all integer solutions are given by 


vain (1, yaa (23) e: gem i 


where n = 2k 4- 1, k 7 1. 








In 1981 the author [3], [4] obtained a simple method of determining all solutions, which 
include - as particular cases - also the families (1) and (2). This appeared in Romanian 
[3] (with certain missprints, too) and Hungarian [4]. Now we present here an improved 
version. The proof is based on two simple lemmas, of independent interest. 


Lemma 1. Let x,y > 1, (zx,y) — 1 (i.e. g.c.d. of x and y is = 1). Then 


(z +y,zy)=1 (3) 


Proof. Let p > 2 be a divisor of (x + y, xy). Then p|vy and by (x, y) = 1, Euclid's 
theorem implies p|z, p y (or p{ x, ply). Since p|(x + y) we get ply - a contradiction. 
Lemma 2. If k > 1 is not a perfect square, then Vk is irrational. 


Proof. In the obvious identity 


Jg- EIE (4) 


put b — [Wk]. Since k is not a perfect square, one has b < vk < b4-1, ie. 0< Vk—b « 1. 


— u 
Let us suppose that vk is irrational, and let Vk = —, with the smallest possible nominator 
U 


v. Then, by (2) 





which has a nominator u — bu = v(Vk — b) > 0 and u — bv < v since Vk — b < 1. Since v 


was supposed to be the smallest nominator of Vk, we have arrived at a contradiction. 
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Theorem. All solutions in positive integers of the equation in the title can be written 


in the form 
x = tu? +v) (u? — v7),  y=t(u? +?) -Quv, z= tu? — v?) - Quy, (5) 


where u > v, (u,v) = 1 are positive integers of the different parity, and t > 1 is arbitrary 
positive integer, (and x > y, y > x, z > z). 


Proof. The equation can be written also as 
zs? +y) = zy (6) 
Now let (x,y) = d, ie. z = zid, y = yid with (1, y1) = 1. Replacing in (4) we get 
Aa + yi) duy (7) 


By (%1,y1) 2 1 => (z2,92) = 1, so by Lemma 1 we have (z2y2, £? +y?) = 1. Therefore 
(5) implies z? = kx?y? and k(x? +y?) = d? for some positive integer k. The first equality - 
via Lemma 2 - implies that k must be a perfect square, otherwise Vk would be irrational, 
a contradiction. Let therefore k = t? (t > 1). Then z = tziyi, t(x? +y?) = d?, so with the 
notation | = : (which is integer again by Lemma 2) one has z? +y? = I’. It is well-known 


(see e.g. [1]) that the general solutions of this equation are 
rı = M(u—4?, y=M-2u, |= M(u? +v’) 


(or zi; > yi Yı > z1, l —> l, ie. xı and yi may be changed), with u > v having different 


parities; (u,v) = 1. Since (z1, y1) = 1, we get M = 1. By summing 








x = dx, = Itz, = t(u? +v?) (u? — v?) 








y = dy, = Ity, = t(u? + v?) -2uv (8) 


z = tty = t(u? — v?) - Quv 


(and £z > y, y > z, z > 2). 
1 — 1 
Remark that for t = 1, u = a wan (n = 2k +1), i.e. (u,v) =(k+1,k) =1; 


and u,v with distinct parities, so the solutions (2) (with t) are reobtained. The set of 








solutions, however is much wider, as can be seen by other selections of u and v. 
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a b c Oe Ob 
3 On the equations — + — = — and — +- = — 
zr y d pow) 2 
1. The equation 
a b c 
a Ge cud (1) 


where a, b, c, d are given positive integers, and x, y unknown positive integers occurs many 
times for particular values of a, b, c, d. In order to obtain all solutions of (1), remark that 
(1) can be written as 


bdx = y(cx — ad) (2) 


Let (x,y) = k, ie. x = kX, y = kY with (X,Y) = 1. Then bdX = Y(ckX = ad), 
implying Y |bdX. Since (X,Y) = 1, Euclid’s theorem yields Y |bd. The numbers b, d being 
given, there exist a finite number of such values of Y . Let Yo be a such value, i.e. bd = Yo Zo 
(Zo > 1). From the above equation one gets 

ad 
X= TEA (3) 

This is possible only when (ck — Zo)|ad. Since c and Zo are given, there exist a finite 
number of such k. By taking into account of all values of Zo, we will obtain all possible 
values of k; therefore on base of x = kX, y = kYo, and (X, Yo) = 1, all solutions have 
been obtained (theoretically). 








For example, when a = 1, b = 2, c = 3, d = 4 we have bd = 8 so Y[8, i.e. Yo € 
{1,2,4,8}. Then Zo € {8,4,2,1} (in this order!). By ad = 4, by analyzing (3k — 8)|4, 
(3k — 4)|4, (3k — 2)|4, (3k — 1)|4 and by taking into account of (X, Yo) = 1,w we get the 
solutions (12,3); (4,4); (2,8). 

2. The equation 

242s (4) 
where a,b,c are given, while x, y, z - unknown positive integers has the well-known and 
important particular case a = b = c = 1 (with applications in geometry, physics, nomo- 
grams, etc.). 

We shall use the Euler-Bell-Kalmár lemma. All solutions of the equation XY = ZT 


in positive integers are given by X = mk, Y = nt, Z = nk, T = mt, where (m,n) = 1 
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and k,t are arbitrary. By writing (4) as 
z(ay + bx) = cry (5) 


we have: z = mk, ay + bx = nt, c= nk, xy = mt. Since c is given, the equation c = nk 
can have a finite number of solutions, let (no, ko) be one of them. 

Applying once again the above lemma for the equation zy = mt, one can write x = ps, 
y = qr, m = qs, t = pr, where (p,q) = 1. By ay + bx = nt one has aqr + bps = nopr. This 
implies p|aqr, and since (p,q) = 1, we have p|ar. Let ar = pR. Replacing and simplifying 
one gets bs = R(nop — q), so 


E R(nop — q) 
e (6) 


By the equalities x = ps, y = qr, z = mko, one can write the most general solutions 


in the form 


qRko(nop T q) 
b 


R = 
gaeran jak os 





(nop > q) (7) 


where (p,q) = 1, noko = c and all variables are arbitrary, but satisfy the following two 
conditions: 

(i) blpR(nop — q) 

(ii) blgRko(nop — q). 

Remarks. 1) When b = 1, the conditions (i), (ii) are valid. If even a = c = 1, 
then no = ko = 1 and we reobtain the well-known solutions x = pR(p — q), y = pqR, 
z = qR(p —q), where (p,q) = 1, p > q. (Put p— q = v, q = u to deduce the more familiar 
forms z = Rv(u + v), y = Ru(u + v), z = Rw, with (u,v) = 1.) 

2) Let b = 2. Then (7) give the general solutions with the condition that at least one 
of p, R, nop — q resp. q, R, ko, nop — q is even. 
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4 The Diophantine equation x" + y" = x’y!z (where 
pt+q=n) 


Let n > 2, p,q > 1 be positive integers such that p + q = n. Our purpose is to obtain 
all nontrivial solutions of the given equation in positive integers. In fact, the used method 
permits to obtain all solutions in the set of integers Z. We shall use the following auxiliary 
results: 

Lemma 1. Let x,y > 0 be integers such that (x,y) = 1. Then (x +y, xy) — 1. 

Lemma 2. /f a,b > 0 are integers and (a,b) = 1, then (a",b) = 1 for any integer 
n> 0. 

Let now denote (x,y) = d, i.e. x = dX, y = dY, with (X,Y) = 1. From the proposed 
equation one gets 


Aq y OV (1) 


From Newton's binomial theorem the following identity can be written: 


X" 4 Y^ 2 (X Y) — ev et ji jx (2) 
TU — 
and, since n > 2 and by (1) it follows 
prd n -2 n -2 —qwvaq-1 
P e. US X” iva pO M ccm WIS 3 
XY 1 Si sees e cci zcN, (3) 


since p > 1, g>1(N={neZ: n2 1)) 

By Lemma 1 and Lemma 2, the left side of (3) contains an irreducible fraction. This 
can be an integer only in the case XY = 1. Hence X = Y = 1, implying x = y = d, z = 2. 
This gives the (infinitely) set of solutions of the given equation. 


Remark. Particular cases of our equation are for example: 


CE = F E a E E a a a =cy>z, 
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5 On the diophantine equation 
1 1 1 il 


X1 X2 Xn Ln+1 





Let x; (i = 1,n + 1) be positive integers. For n = 2 we get the equation 
1 1, 

— = —, ie. £1 = 23. 

Ly X2 


For n — 2 we get the equation 


22 d T 


Z1 T2 T3 
This equation is very important, since occurs in geometry, number-theory, optics, 
physics, etc. For three distinct solutions, see [1]. Let now, n > 3. Let us note for simplicity 
by ` £1... Ti... Zn the sum of all products z1... 2; ... £n, where 7; means that the term 


x; is missing (e.g. n = 3 this sum is £1£3 + 1313 +2122). Then 





1 1 1 
E... = (2) 
vy Yn ntl 
means that 
Let d = (21, 22,..., £n) = greatest common divisor of x1,...,2%n. Then 


CE duis edu — Ova 
where (y1,---, Yn) = 1. By replacing in (3) after simplifying with d"^!, we get 
3n. Gis Ynlynya---Yn (4) 


Let D= CUNT SEC Then (4) implies that n. Gi---YnldD, 


i.e. there exists a positive integer k, such that: 


Therefore 


Yı, 02 = 
(n... Pn |a) UN S EE S 








Un 
CH So ER PS 


= Ais a positive integer, so x; (i = 1,n) are positive 





Ln = 


Ui iy F Uae eiia 
integers, satisfying the equation. Reciprocally, from (5) we have 








Here 


pa v E eee pee (6) 


and 
Gas yA TUS -Yn 
Since Ayı... Yn = kw... Gi. Yn MAR -Yal CONUS ES and 


CHE S7 ERES lui... Yn, we have S m. esu AY «Uns so (6) implies 
(3). All in all, the general solutions of equation (2) are given by (5) and 





a B qi esto u Aw... Un 
n+l p Fa , 
where yi,...,y4 are arbitrary positive integers, satisfying (yi,...,y4) = 1, while k is a 


positive integer. 


Remark 1. For n — 2 we get from (5) 
r=ky(y+ye), Xa kys(uic yr), $a = kyrye, 


since (1192; 1 + y2) — 1 for (yi. y2) =k 


Remark 2. For n = 3 the general solutions can be written as follows: 








zı = ky (yıy2 y1Ua Y2Y3)/ (Y1Y2Y3, Y1Y2 Y1yY3 Y2Y3), 








£2 = ky2(y1y2 y1Ua yoys)/(Yry2¥3, Y1Y2 y1Ua U2J3), 




















z3 = kys(yiya + viua + yoys)/(yiy2ys, Y1Y2 + yiy3 + Vas), 


kyiy»ys 
(uiuos; Via + Vis + as) 
where k > 0 is arbitrary and (yi, yo, y3) = 1. 





66 


Bibliography 


1. J. Sándor, On a diophantine equation (Romanian), Lucrările Sem. ” Didactica 


Matematicii” , 7(1990-1991), 125-126. 


67 


6 On the diophantine equation 





xy! +agl+t...+ muy! = xa! 





Since, by convention 0! = 1! = 1, we may suppose that all x; > 1 (i = 1,n + 1). We 
need the following: 

Lemma. (a+ b)! > a! 4+ 0! for all a,b > 1. One has equality only for a — b — 1. 

Proof. (a4- 0)! —a! =1-2-3...a[(a+1)(a+2)...(a+b)—1] > 12-3...(14-5) - 1] > 
2-3...b =b! with equality only for a = 1, b = 1. 

Corollary. (zi + £2 +... + z4)! > zı! + z3!3 +... + 2n! forn 23, z; > 1. 

By induction, from Lemma. For n > 2 we cannot have equality since e.g. £1 + £2 > 2. 

Theorem. For all fixed n > 2, the equation in the title has at least a solution in 


positive integers. The number of solutions is finite. 








Proof. Clearly, 7; = z3 FPE EO (n — 1), 2n41 = n give a solution, since 
n(n — 1)! = n!. Now, remark that by the Corollary, for n > 3, z441 < z1 +... + £n. Let 


us suppose that zı < £2 € ... < £n. Then r44,1 < nz,. In the same manner, by 





! 
Intl: 
mlt.. + Znal = malo oa! = mal | D -1| 








Ta! 
and 
nsa. eta! 
we get 
zal (xi! +... + £n-1!), 
thus 
En! Say! +... + xa! € (ai +... + £n-1)!, 
sO 
Ln L T1 +... X24 € (n-1)mga 
Since 
zil +... + £k! = myaa! ae ae — 1 
Uk+1: Uk+1: 
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and rp41!|x;! for all € k+1<n+1, we get zgjil|(xi! +... + 2,%!), implying 
Lee € X3... Xy € ktk. 


From x2 € 271, £3 X 3%9,..., Xq441 < NXn we get r444 < n!x1, so r4441 is bounded 
above, and thus can take only a finite number of values. 

Remark 1. For n = 2 one has zı! + xq! = z3!, with zı € xq € x3, implying z;!|zs!, 
21!|za!. Similarly xə!|x3!, so z5!|z!. This in turn implies z; = zs». The equation 27! = z3! 
is possible only for x; = 1, x3 = 2. 

Remark 2. For n = 1, the equation becomes zı! = z3!, and this one has infinitely 


many solutions. 
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7 The diophantine equation zy = 27 + 1 


Problem 18* of [2] asks for the determination of all matrices A € M2[Z] (i.e. second 


order matrices with integer coefficients) such that A? = —E, where E is the unity matrix. 
a 

By letting A = , one obtains the following system of equations: 
c 


a? +bc=-—1, ab+bd=0, ca+cd=0, ch+d*?=-1. 


Thus b 4 0, c Z 0, d 2 —a and a? +1 = —bc. Let b = —B with B > 0 and let 
c > 0. We get: a? +1 = Bc. In other words we must solve in positive integers the equation 
zy = 27 +1. 

The following two auxiliary results are well-known: 

Lemma 1. Let x, z be positive integers. If x|(z?+1), then x can be written as the sum 
of two squares (i.e. x = a? + b*, where a,b > 0) (see e.g. [t], [3)). 


Lemma 2. (Lagrange identity) 
(a? +b?) (° + d) = (ac + bd)? + (ad — bc)? 


Therefore, by Lemma 1, x = a? + b’, y = c? + d? (a,b,c,d € N). By Lemma 2, if 
lad — bc| = 1, then z = ac + bd provide solutions of the given equation. For example, it 
is well-known that if (a,b) = 1, there exist positive integers (c, d) such that ab — dc = 
1. Therefore, the given equation can have infinitely many solutions. We now prove the 
following assertion: 

Theorem. All positive solutions of the equation xy = z? + 1 can be written as x = 
a? +b, y — c?  d?, z 2 ac -- bd, where a,b,c,d € N and lad — bc| = 1. 

Proof. Let us suppose that there exist triples (x, y, z), solutions of the equation, which 
cannot be written as above. Let (xo,yo, 20) be such a triple with zo the least possible. 
Let us suppose zo € yo (otherwise we may change the roles of x9 and yo). We have thus 
Loyo = 2+1, 20, Uo; Zo > 1 and there are no natural numbers a, b, c, d such that £o = a?+0’, 
yo = C? + d?, zo = ac + bd with |ad — bc| = 1. We shall construct another triple (x,y, z), 


solution of the equation. Let z = u+ 2; then the equation becomes zy — x? -2yu — u? = 1 
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or z(y — x — 2u) = u? +1. By u = z — z it results y — x — 2u = y+ z — 2z. In other 
words, (£0, £o + Yo — 220, zo — xo) satisfies the equation zy = z2? +1. Now, verify that each 


2 
. £o + Lo+ 
term is > 1. One has 22 = toyo — 1 € royo € (=+) , SO 29 < UD 


, implying 
Lo + Yo — 2% > O. 

On the other hand, if z; — xy < 0 we have zo; < zo < yo. We must distinguish two 
cases: 

i) If 29 = xo; then xo(yo— £o) = 1, so £o = 1 = 1? + 0?, yo = 2 = 1? + 17,25, = 1 = 
1-14+1-0and (1-1—0-1) =1, in contradiction with the states assumption. 

ii) If zo < xo, then 1 = zoyo — 22 > xà — 22 > (zo +1)? — 22 = 220 + 1, thus zo < 0, 
impossible. 

From zo > XQ clearly follows zp — zo > 1. 

Now the new triple has the component zọ— zo < zo, by the made assumption there exist 


2 


natural numbers m, n, p, q such that zo = m?+n?, zo4-yo—2zo = p? -q?, zo— £o = mp4-nq, 





where |mq — np| = 1. This implies z; = m? + n? + mp + nq = m(m + p) + n(n + q) and 





Yo = p? +q? -- 229 — To = p? +q? --2mp 4- 2nq +M? +n? = (m + p)? + (n + q?. Therefore, 
we can write: zo = m? + n?, yo = (m + p)? + (n + q», zo = m(m + p) - n(n +q), where 
Im(n + q) — n(n + p)| = 1. We thus obtained a contradiction (selectiong a = m, b = n, 
c=m+p, d=n+q). 


For other connections of this equation to Elementary Number Theory, see [3]. 
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8 A note on the equation y? = i? 1 


It is sufficient to solve this equation in positive integers, since if x < 0, put x = —X 
(X > 0), so 1— X? = 4? > 0 implying 0 < X < 1 so X = 0 or 1 and z = 0, z -1 
which give y = +1, y = 0. If y > 0 is a solution, then —y is acceptable, too. 

1. In the famous book by Charles W. Trigg [3] this equation is solved as follows: 


41= e+e- = (e+? ooa. -v. (1) 


Since 0 and 2 are the possible values for which 





i is integer, then y? being non- 
negative, one must have y € (0, +1, +3}. The fallacy in this proof is that if z — 2 + = 
is integer, then y? is divisible by x + 1 implies y? divisible by (x + 1)?. In other words, 
the implication b|a? = 0?|a? is applied. This implication is clearly false (e.g. 4|6? but 
4? = 16 { 6’, etc.). 

The Romanian translators of this book have observed this mistake and have pro- 
posed another solution. Unfortunately, this solution contains a calculation fallacy, and this 
method cannot be changed for our purpose. In fact, the following "solution" is given. Since 
x*—x2+1 = (x4-1)?—3z, the terms r+ 1 and x?—x+1 are relatively prime, or their g.c.d. 
is 3. In the first case r+ 1 = perfect square = a?, x?—x+1 = perfect square = b? (a,b > 0). 
They conclude with (the erroneous) equality: at — a? + 1 — b? = 0. Fortunately, this error 
has no great importance, since the correct relation a* — 3a? + 3 — b? = 0 can be shown to 
be impossible. Indeed, af — 4a? + 1 = (a? — 2)? < af — 3a? +3 < (a? — 1)? = a* — 2a? +1, 
so s^ — 3a? + 3 is between two consecutive square, which is impossible. 


In the second case, when x + 1 is multiple of 3, i.e. x + 1 = 3k, the new form of the 





equation becomes 9k(3k? — 3k + 1) = y?, and since (k, 3k? — 3k + 1) = 1, then k = a’, 
3k? — 3k + 1 = b? (a,b > 1). This gives 3a* — 3a? + 1 — b? = 0. The erroneous equality 


au feats. 3+ V12b2 —3 
RET mE 





is deduced. In fact, we must have a? — 5 . Here one must 


have 120? — 3 = œ. Since 3(4b?—1) = c?, then c = 3C, implying the equation of Pell's type 
3+3C 1+C 

4b? — 3C? = 1. Here a? = eee 

The demonstration of the fact that the equation 4b? — 3c? = 1, where C has this form, 


and in case C > 1 one must have C = 2a? — 1. 





has only the solutions b — 1, a — 1 seems a very difficult problem! 
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2. The equation in the title has its origins in the times of Fermat and Euler, and the 
first acceptable proof appeared only with the algebraic apparatus of the 20'^ century. For 
this purpose the arithmetic of the field Q(iV3) must be considered, more precisely the 
unique prime factorization in this field, the existence of unities, etc. 

In 1958 A. Wakulicz [2] found an elementary, but quite complicated proof of the fact 
that the equation 

a3 +y3 = 223 

has no solutions in positive integers if x Z y and z # 0. This is enough to show that the 
equation of the title admits the single nontrivial solution (2,3). Indeed, from (y—1)(y+1) = 
x? it follows that if y = 2k (even), then 2k — 1 = a?, 2k + 1 = b’, so 0? — à? = 2, giving 
that b? + ba + a? divides 2, which is impossible. If, on the other hand y = 2k — 1 is odd, 
then x = 2x; (even) and (k — 1)k = 2x3. Here (k — 1, k) = 1, yielding k = ył, k — 1 = 2y3 
or k = 2y and k — 1 = yi. In both cases y? — 2y3 = +1. In other words, we have deduced 
the equations u’ — 2v? = 1 and u? — 29? = —1. Since the form of the first equation is 
u’ + (C1)? = 2v?, while of the second one is u? + 1? = 2v?, from the above result of 
Wakulicz only u — v — 1 can be accepted, so x — 2, y — 3. 


3. A generalization of the equation in the title is 
y -—a?--1 (p>3, prime) (2) 


In 1964 Chao Ko |1], by using congruence-theory has shown that this equation hasn't 


solutions in positive integers. The equation 
y^—az^ 1 (p23, prime) (3) 


was solved by Lebesque in 1850, who showed that for y > 1 this is impossible. However, 
equation (3) is much easier than (4). 

A variant of this note has been published in 1996 in Hungarian [5], as remarks on 
a proposed problem for elementary grades. The students were expected to solve such a 
difficult problem! ([4]) 

The above considerations come in fact as illustation of how in certain cases small 


mistakes can lead to difficulties which cannot be overcomed in a simple way. 
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9 On the equation z’ — y? = 2? 


The diophantine equation z? — y? — z? may be written also as 


r? =z =y". (1) 


This equation written as z? + (—z)? = y? is a particular case of the equation u? + 
v? = w? in integers. This equation (though the application of general theory involves 
considerable numerical details) is known to be completely solved by algebraic number 
theoretical methods. (Class number for binary quartic forms with given invariants is used). 
For example, when v is odd and is prime to u, then u and v are given by one of the following 
expression: 


u = —A4pq-cAq', v=p*+8pq’, 


u--—p -6pq -3q, v= p r6pq —3q, 





u =p" + 6p — 34, v= —p* + 6p?q? + 3q", 
u = 2p* — Ap'q — 4pq? + 245, v = p° + Ap'g — 6p^q^ + 4pq? + q^. 
u = Ap!q + 24p?q? + 48pq? + 36q*, v = pf + 8p?q + 246p? q? + 24pq°. 
Here p, q take such integer values such that v is odd and is prime to u. See [1], [2]. An 
elementary approach for (1) can be given formally, to a given point. This is based on the 


following: 


Lemma. All positive integral solutions of the equation 
XY -4 (2) 


can be written as X = du?, Y = dv?, y = duv where d € N* is arbitrary and (u,v) = 1, 
(u,v € N*). 

Proof. Let (X,Y) = d. Then X = da, Y = db with (a,b) = 1. From (2) we get 
dab = y? so d?|y?, implying d|y. Let y = dl. Then ab = I’, where (a,b) = 1. It is 
well-known that we must have a = u?, b = v? with (u,v) = 1. This proves the Lemma. 

By writing (1) as 

(x — z)(ax? -xzc-2)-y, 
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from Lemma we get: 
r—z-—dw, x*+az+22=dv*, y-dw, (u,v)=1 (3) 


Clearly z = z+du?, y = duv and (z+du?)?4+ (z -- du?)z 4- z? = dv? gives the equation 





327 + 3zdu? + d'ut — dv? = 0 (4) 
-— —3du? +t 2 2,4 
By solving this quadratic equation in z, one has z — 2r xs where 12dv^ —3d*^u^ = 
T — dw? 
t?. Here 3|t?, so 3|t. Let t = 3T. One obtains —d^u* + 4dv? = 3T? and z = 3 n 


Therefore T and du? have the same parity. Now, by solving the equation d?u4—4dv?+3T = 


0 one obtains 





2 2 
dct a where 4v* — 3T'u* = s? (5) 
u 
: 5 — du? 
Therefore, all solutions of (1) are given by (3), i.e. x = z + du?, y = duv, z = 5 
with (u,v) = 1 and d, T satisfying the following conditions: 4v! — 3T'u* is a perfect square, 





2v? +s 
4 


and s? and uf divides 2v? + s, where d = . Remark that from (5) we have: 


Fi 4ut — s? a (2v? — s)(2v? + s) 








3T 3T 
SO 
Qv*+s 3T 
ut 2 = s 
2 2. 3T 
Thus 2v* — s divides 3T and d = —~——_. 
2u2 — s 
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10 On the sum of two cubes 
The aim of this note is to describe all solutions in positive integers of the equation 
Hy =e ea (1) 


We shall use the following lemma, discovered by Euler, but rediscovered (and showing 
it’s importance) by Bell and Kalmar (see e.g. |1]). 


Lemma. (Euler-Bell-Kalmár) All solutions in positive integers of the equation 
XY = ZT (2) 


can be written as X = ab, Y = cd, Z = ad, T = bc, where (b, d) = 1, (a,b,c,d € N*). 
Proof. Let (X, Z) = a. Then X = ab, Z = ad, where (b, d) = 1. From (2) it results 
bY = dT, so b|dT and Euclid's theorem yields b|T (since (b, d) = 1). Therefore T = bc. 
This gives X — ab. 
Remark. L. Kalmár and J. Surányi call this lemma as the "four-number theorem". 
Now, let us suppose that x > z (for (x = z) clearly we get y = u). Then w > y and (1) 


can be written equivalently as 





r—z-ab a^-zz-z5-—cd, w-y-ad, w +wy+ y’ = bc. (3) 
Therefore 
x£=z+ab 
w=ytad 
and 
(z +ab)? + (z - ab)z + z? = cd 
and 





(y 4- ad)? + (y + ad)y +y? = bc. 


327 + 3zab + a2b? — cd = 0 





3y? + 3yad + a?d? — bc = 0 


TT 


By resolving these quadratic equations we easily get 


—3ab+t —3ad + p 
p A m SO 
6 ? y 6 ? 


where 
12cd — 3a?) = t? 


12bc — 3a?d? = p? 
Here 3|£?, 3|p?, i.e. t = 3T, p = 3P, yielding 


— T — P 
me cett x dms ae , 4ed— 07h? -—31", Abe ad = 3P’. (6) 


Therefore we must solve an equation of type 
4m — n? = 3s? (7) 


where n and s have the same parity (clearly z and y to be integers, it is necessary that 
ab and T respectively ad and P have the same parity). 
i) n is even, n = 2N. Then s must be even, too s = 2S. From (2) we get m = N?4-38?. 


Therefore, when n is even, the general solution of (7) can be written as 
m= N? +39, n=2N, s=28. (8) 
ii) n is odd, n = 2N +1. Let s = 25S + 1. Then from (7) we get 


m= N?’ +N +39 38 +1. (9) 





Now, we return to the original equation. 

In case i) n = ab and n = ad must be even. Since (b, d) = 1 this is possible only if a 
is even, a = 2A. Then ab = 2N, ad = 2M give N = Ab, M = Ad. The other conditions 
(8) give 

cd = N? 38? = Ab? + 38?, 


where T' = 25. Similarly, 


bc = M? + 3R? = A?d? + 3R?, 
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where 


Therefore 


—ab+T _ S2N +25 








t=z+ab, w=y+ad, z= 5 5 ——N-S, 
—ad+ P | —2M +2R 
= = » " — — M +R, 


where b, c, d satisfy (10) and (b, d) = 1. 
In case ii) n = ab and n = ad are odd, therefore a, b, d are all odd and (b, d) = 1. Thus 
ab —2N +1, ad 2 2M +L T 2 28 +1, P — 2Q +1. Then 


cd = N? + N c3S? E38 +1 (11) 





and 





be = M? + M +3Q?+3Q+1 





cd = N? + N +38? +3S+1 





and 





Now 


where b, c, d satisfy (11) and (b, d) = 1. 
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11 On an inhomogeneous diophantine equation of 
degree 3 


The Diophantine equation which we will consider here is the following inhomogeneous 
equation of degree 3: 


a? +y? = 2(1 + ay). (1) 


We will study (1) in the set N* of positive integers. First remark that for x = y from 
(1) we get 22? = z(1+ x°) i.e. (1+ 22)|2z? = (1+ 27) + (x? — 1), so 1+ 2?|(x? — 1) which 
is impossible for r > 1 since 1 + z?|z? — 1. For x = 1 however we obtain the solution 
z = 1. Thus (1,1,1) is a solution of (1). Therefore, in what follows we may suppose that 
x «y. For z = 1 by 27+ y? > 2zy one has 1 + zy > 2zy giving zy < lie. c=y=1. 
For z = 2 relation (1) implies (x — y)? = 2, impossible by the irrationality of v2. Thus 


we may suppose in what follows z > 2. Let us consider first the set 
A={(z,y,z):1<2<y,z>2,x2fy} (2) 


where x f y denotes the fact that x doesn’t divide y. We will show that the equation 
(1) has no solutions in the set A. The solutions with z|y will be obtained in the above 


Lemma. Let us suppose that (a,b, z) € A is a solution of (1). Then 
a? — zab -- b? = z (x) 


Let r = b— za. Then b = za +r, so a? — za(za+r)+(za+r}? = z, i.e. a? +zar+r? = z. 
Remark here that a? +r? = —zar + z > 0 gives ar < 1 ie. ar < 0 implying r < 0. But 
r #0 since then we would have b = za, i.e. a|b. On the other hand —r < a since this is 

b NE 
equivalent to za < b+ a, i.e. z < 1 + —. This is true since 

a 
Caer gk cae es et a b 


= < = | «124 -. 
1+ab ab b a a 





Denoting —r = a’, we get the relation 
a? — zala 4- a^ =z. (xx) 
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Here a’ < a, z > 2. If a’ = 1 then we get as above a = z = 1, contradiction. 

i) a 

ii) a’ fa. 

In case ii) (a,b, z) € A and (a’,a,z) € A with a’ < a. So if we consider a solution A 
with a minimal, we obtain a contradiction. We will prove that the case i) is impossible. 
We need the following 

Lemma. Let us suppose that (x,y,z) satisfy (1), where 1 < x < y, z > 2 and xly. 
Then y = z?, z = x°. 

Proof. Let y = kz, where k > 2. Then (1) implies z?(1 + k?) = z(1 + kz?). Since 


(z?,1 4- kz?) = 1, clearly z?|z, i.e. z = z?m. We deduce the equation 
1+k? 2 m(1+ ka’). (3) 


For 1 + kx? > 1 4- K?, this is impossible since (1 + kz?)|(2 + k?). Thus we must have 
kx? < k?, ie. k > z?. For k = x? we get m = 1, so z=27, y= kx = x’. Let us suppose 
now that k > z?. Then divide k by x”, so k = z?M +h, where m > 1, h < x. Then (3) 


becomes equivalent to 
1+ a* M? + h?+22?Mh=m(14+ 24M + 27h) (4) 


or 


(12^ M -- z^ h)M +h +2’ Mh — tM? M18 m(1 z^M zh). 


Since 1 + z^M + a?h divides the ledt side, it must divide h? + x? Mh — z*M? — M. 


However, we will show that 
1-0 tM 27h > hk? +r?’ Mh- tM’ -M 4 1, 


or equivalently 


z^(M + M?) > z?h(M — 1) +k? — M. 


Here 
z?^h(M —1)+h?— M < z*'(M —1) -3* 15 x*M —1 < x* (M + M?). 


8l 


Therefore, (4) is impossible. 
Remark. The Lemma shows also that (1) has infinitely many solutions: (x, z?, x?) 
for x > 1. Now, if a/|a, then by the Lemma we would have a = a”, z = a”. Thus 


5 


b = za — a’ = a” — a’. But (a,b, z) with a = a”, b = a” — a' and z = a” do not give a 


solution of equation (1). It is immediate that 


(a? + (a^ = a!)) z a? cs gone), 
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12 On two equal sums of mth powers 


Mihály Bencze in OQ.510 ([1]) proposed the following problem: Solve in integer num- 


bers, the following Diophantine equation: 
ni n2 
2p = Dow 
k=1 k=1 


where m is an integer and n; +n = m. This is a very difficult problem, and only particular 


cases are known. Indeed, this can be written also as 


Eq Edu cde cTaeS S. (1) 


1. Let m = 2. Then n; = n = 1, so £? = 9? & |z| = yi. 








2. Let m = 3. There are two (essentially not distinct) cases: 
a) nı = 1, n2 = 2; 
b) ni =2, n= l1. 
Then we have to solve x} = y} + y3 (or z1 + x3 = yj). This is Fermat’s equation with 
exponent 3, so the only trivial solutions are y; = —y2, zı = 0 or z; = yi, Y2 = 0 etc. 
3. Let m = 4. We have two essentially distinct cases, namely: 
a) nı = 1, no = 3; 
b] nı =2, n = 2: 
The case b) gives 
xi + r3 =Y +H (2) 


and this equation has infinitely many solutions and these can be completely determined. 


Indeed by x? — y? = y2 — x2 one has 


(x1 — 91) 1 + y1) = (ya — z2) (y2 + 22). 


Let us suppose x, > yı. Then y; > x. The Euler-Bell equation XY = ZT has the 
general solution X = ab, Y = cd, Z = ad, T = bc, where (b, d) = 1, so zy — yı = ab, 
xı + yi = cd, ya — T2 = ad, ya + £2 = bc, implying 


ab + cd cd — ab ad 4- bc bc — ad 
Ti = > y5 , Yr > V= - 


2 2 2 
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These are the general solutions, where ab and cd, respectively ad and bc have the same 
parity, with (b,d) = 1. So, (2) can be solved. 


In case a), however we obtain Euler’s equation 
xi yp gà ys (3) 


Euler conjectured that (3) has nontrivial solutions, but N. Elkies in 1988 disproved 
this conjecture by showing that (see [4]) 


2682440* + 15365639^ + 18796760^ = 20615673". 


Clearly, this generates infinitely many solutions for (3) (if (yi, yo; Y3, 11), is a particular 
solution, then (ky1, kyo, kys, kx) is a solution, too). However, the general solution of (3) 
is not known. 

4. Let m — 5. We have essentially two cases: 

a) nı = 1, ng = 4; 

b) nı =2, n =3. 

a): 

zi =y] +Y ys tya (4) 


In 1966 L. Lander and T. Parkin [5] found the solution 


1445 = 27% + 845 + 1105 + 1335. 





S. Brudno [3] asks for a parametric solution of (4). We note that for xı < 765 there is 
no other solution than the one obtained by Lander and Parkin. 
b): 
zi + — yp ya Vs (5) 


For x, = 0 one has the parametric solution for (5) 
£2 =u’ + Twv? +0, y; = ulu? +207), yo = v(2ue +), ys = 3u^v?, 


see [7]. Finally, we consider: 


5. Let m = 6. Then essentially three cases may appear: 
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2$ — yf tys +y d ys tye (6) 





I cannot decide if (6) has at least a non-trivial solution. 
b): 

ci +23 = yb s t VA (7) 
The same as above. 


c): 
sÍ +S +r =y yi y (8) 


A. Moessner ([6]) obtained the solution 
3° + 195 + 22° = 10° + 155 + 239. 
For (8) also parametric solutions are available (see A. Bremner [2]). The general solu- 
tion of (8) however, is not known. 
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n 
13 On the equation ) Gah Sage" 
k=l 
We will consider the equation in integers 


n 


D t+ ky = yr". (1) 


k=1 


Let us consider first the case m = 1. Then 


n 


X (+k) -ng + EED, 
k=1 
so (1) gives 
2r+n+1 
(2) =v. i) 


Case i): n = 2N (even). Then N(2x+2N +1) = y?. It is known that if XY = y’, then 
X = du?, Y = dv’, y = duv, where (u,v) = 1, so N = du’, 2x -2N +1 = dv?, y = duv, 


which gives: 
dv? — 2d? — 1 
c= 5 : 





y = duv (3) 
where dv? is odd, i.e. d and v are odd and (u,v) = 1. 
Case ii): n = 2N +1 (odd). Then (2N + 1)(z + N +1) =y? so we get 


Dii — du? — 1 
r= 5 : 





y — duv (4) 


where du? is odd, i.e. d and v are odd and (u,v) = 1. Hence, the equation has infinitely 
many solutions. 


Let now m — 2. From (1) we get the equation 


ax? 4 bx rc? (5) 





n(n + 1) (2n + 1) 
6 
i.e. (x +1)? = 3?. Thus y?|(z + 1)?, implying y|z +1 i.e. x +1 = yk, so y?k? = s? gives 


. When n = 1 we have z? 4-2z +1 = y’, 





where a = n, b 2 n(n--1), c= 
y = k?, x +1 = k’. So x = k? — 1, y = k?, and again we have infinitely many solutions. 
For n > 1 we have k = 0? — 4ac Æ 0, which assures that (5) can be written also as 


X? +k = 4ay’, (6) 
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where X = 2az + b, k = —(b? — 4ac) = e > 0. Now, it is a classical result by 
Landau and Ostrowski [2] and Thue [1] that (6) has a finite number of integer solutions. 
For general m > 3 probably there are only a finite number of solutions, as can be seen 
from a paper by Voorhoeve, Györy and Tijdeman [3]. However, a method to determine 


these solutions is not known to the author. 
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14 On the diophantine equation 3” + 3’ = 6° 


This equation is the particular case n = 2 of equation 3) of OQ.490 proposed by 
Mihály Bencze (see |1]). In fact equations of type a” + b = c^ have been extensively 
studied in certain cases. For example, when b > a and max(a,b,c) > 13, Z. Cao [2], [3] 
proved that this equation can have at most one solution with z > 1. Another result (see 
[4]) says that if a,b,c are not powers of two, then a” + b = c^ can have at most a finite 
number of solutions. Since 3 and 6 are of this type, we can state that the equation in the 
title can have at most a finite number of solutions. Our aim is to prove elementary that 
this equation has essentially two distinct solutions, namely x = y = z = 1 and x = 2, 
EAE 2: 

1. When x = y, we get 37-* = 2771, sox — z —z—1-0,givingz—y —z = 1. 

2. When x = z, we have 3 * = 2? — 1. Put y —x = t. First we prove the following: 

Lemma. The equation 2* — 3 = 1 can have exactly two solutions in nonnegative 
integers, namely x = 1, t = 0 andx=2,t=1. 

Proof. For t = 0 we have x = 1. We cannot have x = 0. Suppose x,t > 1. Since 
27 —(3—1)* =(-1)* (mod 3) and 3'+1=1 (mod 3), x must be even. Put x = 2a. 
Then 2% — | = 3°, so (2% — 1)(2* + 1) + 3°. This is possible only when 2° — 1 = 3", 
27+ 1 = 3*, (u,v > 0). By substraction this implies 3" — 3" = 2. If u,v > 1, the left side 
is =0 (mod 3), contradiction, since 3 f 2. Therefore u = 0 and v = 1. Since u +v =t, 
one has t = 1, a = 1 so z = 2. 


By this lemma one can say that y — x = 0, x = 1 or y — x = 1, x = 2. Therefore 





y=xr=l] o y=3,r=2,z=2. 





3. For x > z we have two cases: 

a)y>z 

b) y< z. 

In case a) we can write 3°-* + 3 ^ = 27, contradiction since the left side is = 0 
(mod 3). 

In case b) we have x > y > z, so we get 37 ¥4+ 1 = 273° ¥ and1=0 (mod 3). 


4. When x < z, we have the cases 
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ajy <a 

bI yw. 

For y < x one has y < x < z, contradiction, as above. For y > x we can have y < z 
or y > z. (We can remark that x = y or x = z were studied in 1 and 2). When y < z, 
then z < y < z so 14 3⁄7? = 27377? gives the desired contradiction. For y > z we have 


xt <z < y, contradiction as above. 
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15 On the diophantine equation 4” + 18% = 22 


Clearly (1,1,1) is a solution of the considered equation. Though the general theory 
of diophantine equations of type a* + b” = c* (see e.g. |1]) says that this equation has at 
most one solution with z > 1, this particular equation needs a special treatment. We now 
prove the following result: 


Theorem. The diophantine equation 
4* + 18” = 227 (1) 


has exactly one solution, namely (x,y,z) = (1,1,1). 


Proof. Equation (1) can be written equivalently as 
27 4 2.3% 98. 117 (2) 


We can distinguish three cases: 
i) 2x > y. Then 24(22"-¥ + 3%) = 27 . 117 implies necessarily y = z (since 2?*^ + 3% 
is always odd). Therefore 2?°~* + 3? = 117%. Let 2x — z = u. Then we get the equation 


oe oe" (3) 


It is known (see [1] for References) that the only solution of this equation is (u, z) = 
(1,1). Therefore 2x — z = 1 and z = 1, giving x =y=z=1. 
ii) 2z = y. Then 2V(1 + 3%) = 27 - 117. Here 


1+3” S143" -—1-F(20.4--1)' =2 (mod 4), 


which means that 1 4- 3?" is divisible by 2, but not a higher power of 2. Therefore z = y+1 


and we get 


14-3? —2.11* (4) 


By denoting 3" = a, this gives a? = —1 (mod 11), ie. —1 is a quadratic residue 
modulo 11. Since 11 #1 (mod 4), it is well known that this cannot be true (see e.g. [3]). 


iii) 2x < y. As above we can write z = 2z, yielding the equation 
]u pue 3 a1" (5) 
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Since 11°" = 6?” (mod 5) and 36” = (35+ 1)” =1 (mod 5), so (5) implies 27 ?* . 
3% 2 0 (mod 5), which is impossible. By concluding, the equation (1) can have solutions 
only in case i), when z =y=z=1. 

Equation 3* + 3” = 6* appears in [2]. 
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16 On certain exponential diophantine equations 


1. It is well-known that the equation x? = y” has the most general solutions in positive 
integers as x = y or x = 2, y = 4 for x < y. This equation can be studied by considering 
the function t  t*, (t > 0). We present here an arithmetical solution. Unfortunately, 
there appear in the literature sometimes incomplete or wrong arithmetic solutions (see 
e.g. [2]). In the proof the following Lemma will be used: 

Lemma 1. /f a"|b", then alb (i.e. a divides b) for all a,b,n positive integers. 

Proof. Let us suppose that in the prime factorizations of a and 6 the prime p appears 
at powers k and s respectively (i.e. p^||a, p*||b). Then in the prime factorizations of a" 
and b”, the prime p appears to the powers kn, respectively sn. We have kn < sn, since 
a" |b"^. So k € n, which gives a|b, since p was selected arbitrary. 


Now let us suppose that in the equation 
zy (1) 


one has x < y. Let y = x +t (t > 0). Then (1) can be written also as z^'* = y” or 








z*z' = y* which implies z*|y*. So, by Lemma 1 (a = z, b = y, n = x) we must have z|y. 
Let y = kx (k > 1). Then the equation becomes z^* = y”, yielding kx = x^ or z^! = k. 


For k = 2 we get x = 2. For k > 3, we prove (by induction e.g.) that x^^! > k (for x > 2), 





so the equation is impossible. Therefore k = 2, x = 2, y —2-2— 4. 





2. The OQ.58 [1] proposed by Mihaly Bencze in the particular case n = 2 gives the 

equation 
2w +y=y c. (2) 

We shall prove that the general solutions of this equation are r = y or for x < y we 
have two possibilities: 

i) z = 1, y arbitrary 

M) ues y= g 

Clearly for x = y or for x = 1 we easily get the above solutions. Let us suppose that 


x < y. Then (2) can be written also as y^ — x” = y — x. Therefore y? > z” or y” > gt”. 


1—In£ 
Let us consider the function f(t) = t'/* (t > 0). Since f'(t) = f(t) == 


8 | , this function 
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attains a maximum at t = e, is strictly increasing for 0 < t < e, and strictly decreasing 
for t > e. So we can have two possibilities: 

a) x,y € [1,e] 

bye Te). y > 3. 

In case a) y = 2, x = 1 which is a solution. In case b) we have x = 1 or z = 2, y = 3. 
For x = 2 we obtain a solution for y = 3. For y > 5 we have 2¥ > y? (e.g., by induction), 
see we cannot have such solution. Clearly y = 4 doesn’t give a solution. In conclusion, the 
above assertion is proved. 


3. The case n = 3 of OQ.58, proposed by Mihály Bencze [1] gives the system of 


equations: 
t + ytz=yř+r+z=2z"+r+y (3) 
or equivalently: 
1 +y =y +r 
y +z=2z" +y (4) 
qu pares ae 








Let us suppose that x > y > z. For y = z we get 
s xy-y"Rx yty=y ty, a yy. 
From x” — y?! = x — y we get an equation of type a” — b” = a — b. Since 
a” — b” = (a — b)|a^ 1 +... 067] >a -— b 


for a > b, n > 1 we can have only a = bor n = 1. In case x = y we obtain t = y = z 
which gives a general solution. When x Z y we can have y = 1 giving z — 1 = z — 1. Thus 
x,y = z = 1 is another solution. Now we can admit x > y > z. From z% — y^^ = xz — y 
we obtain xz" > y”, ie. !/* > yV/V. By using again the function from 2, we can have only 
xz =2, y= lorz > 3, y€ {1,2}. For x = 2, y = 1 we get z = 1, so = 2, y = 1 which 
is a particular case of the above solution x,y = z = 1. For y = 1 we have x^ - 1— 1-F z, 
so z = 1. For y = 2 we can deduce 2° — z?* = 2 — z so (27)? — (x?) = 2 — x < 0. But 


27 > z? for x > 4 thus x = 3 is the only possibility. But for z = 3, y = 2 we do not obtain 
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a solution. By concluding all solutions of the system (4) are x = y = z or x arbitrary, 


y=z=1frxr>y?2z. 
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17 On a diophantine equation involving arctangents 
The diophantine equation in the title is the following one: 


1 1 1 T 
arctg — + arctg — +... + arctg — = — (1) 
Tı T2 x 4 


where the unknowns zx; (i = 1,n) are positive integers. This is in fact OQ.20 (see [1]). 
The aim of this note is to prove that equation (1) admits at least a solution for all n, and 
that for fixed n the number of solutions is finite. For particular values of n all solutions 
can be obtained. 

1. First we prove two lemmas: 


Lemma 1. For all n > 2 one has the identity: 








1 

pe t MAS 2 
XO apa IS (2) 
Deed 1 i 1 T 

r r arc — = —, 
STEAN aI “m 4 


Proof. We use the well-known formula 


+v 





arctg u + arctg v = arctg ~ 


for u,v > 0. (x) 
— uv 


Then 


Ta ae eaa 
arctg z +arctg 5 = arctg 1 = 7, 


so (2) holds true for n = 2. Now, proceeding by induction, let us suppose that (2) is true 


for n, and try to prove it for n + 1. It is easy to see that it is necessary to prove that 


1 
arctg + arctg —— = arctg —, 
n 


ltn+n? n+1 
and this follows at once by the above formula (we omit the simple computations). 
Lemma 2. For all x > 0 one has the inequality arctg x < x. If 0 < x < 1, then 
arctg r > ve (with equality only for x = 1). 
Proof. Since tg a > a for a > 0, put a = arctg x (x > 0), giving the first inequality. 


T 
For the second one remark that the functions œ — tg a is strictly convex on D =|; 
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therefore it’s graph is bois: the segment line y — Za passing on the points (0,0) and 
(5. i Therefore tg a < Ta, giving with a = arctg x, the second inequality. For such 
trigonometric inequalities see e.g. [2]. Now we prove: 

Theorem. Equation (1) admits for all n at least a solution. The number of solution 


for a given n is finite. 


Proof. By Lemma 1, 
gpa ible... jay =1+(n-1)+(n-1)}, een 


are solutions of (1) for n > 2. (For n = 1 the single solution is x; = 1). Now, let (z1,..., £n) 


be a solution of (1). By Lemma 2 


1 1 1 1 
arctg — < — and arctg — — s 3 (om Tomy 
Ti Ti A x,’ 





In fact, here one has strong inequality for n > 2, since x; > 1. (If zı = 1, then x; = 1, 


i > 2). Therefore all solutions (z1, ..., £n) satisfy the double-inequality: 


= | t...4 <1 3). (3) 
4 t £2 Ln, 





This implies that the number of solutions of (1) is finite. Let us consider for simplicity 
e.g. n = 3 and put z1 = x, £2 = y, z3 = Z. As we will see, the general case can be treated 


in the similar way. Thus 

















1 1 1 
Tuc qq ue (4) 
4. ap m 
1 1 1 1 1 1 3 3 
Suppose r < y < z. Then — > — > = so | | < — and E < — gives y < —, 
qoc i m GS c wm 4 x T 
T 1 1 1 1 . 
i.e. there are a finite number of values of z. Now, by < | « 1 — —, since 
4 qm y z x 
qos d 2 " 1l 2. 2 
y € z we get = + - € — and — — — < — gives y < ——.. For each value of x we get a 
NE E 4 £ y T 1 
4 d 
. ! "T 1 1 1 
finite number of values of y. Finally, from = > — — — — — we have z < , SO 
x^ wb £ y m dod 
4 x 


y 
the possible values of z are finite, in number. The general case for (3) follows at once by 
induction. 


2. We now study certain particular cases of equation (1). 
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a) n = 2. Then we get the equation: 


1 1 
arctg — + arctg — = —. (5) 
T y 








We will show that (5) has a single solution, namely x = 2, y = 3 (x = 3, y = 2 is 


essentially the same). By formula (*), after a little calculus, from (5) we get 
gty=szy-1. (6) 
Equation (6) can be written also as (x — 1)(y—1) = 2, andsox—1=1,y—-1=2 
giving r= 2, y= 3. 
b) n = 3, i.e. 
1 1 1l m 
arctg — + arctg — + arctg — = —. (7) 
x y z A 
By using again (*), after computations, we get 


1 1 1 = 
arctg — + arctg — + arctg — = arctg z(x + y) + zy 
T y z z(zy—1)-zr-y 





? 


therefore (7) is equivalent to 
z(r-c-y)d4tzy—1-z(ry—1)—z-y. (8) 
This can be transformed into 
(x  y)(z +1) = (xy — 1)(z — 1). (9) 


Here one can consider two cases: 


i) z is even. Then 
(4,2 — 1) =(2-142,z-1) =(2,z-1) =1, 


so (z — 1)|(z + y), ie. z +y = k(z — 1), and from (9) we obtain zy — 1 = k(z + 1). By 


substraction we have zy — 1 — x — y = 2k, i.e. 
(x — 1)(y — 1) 2 2(k +1). 


Let d be an arbitrary divisor of 2(k + 1). Then 


2 1 
eo ld, y-1= ET cath 
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is the general solution, where 


k| aE (10) 


Clearly (10) is satisfied by a finite number of values of k and we obtain in this way all 


solutions. For example, when d = 1, (10) means that k|[3 +2(k + 1)], i.e. k|5, implying 








k € {1,5}. For k = 1 we obtain the solutions z = 2, y = 5, z = 8; for j = 5 we get x = 2, 
je d. z = 4. When d = 2, we can deduce z = 3, y = 3, z = 7, £ = 3, y = 7, z = 3 which 








are not solutions since z must be even. 


ii) z is odd. Then z = 2m + 1 giving z + 1 = 2(m + 1), z — 1 = 2m, so (9) gives 
(x + y)(m +1) = (zy — 1)m. (11) 


This yields m| (x + y), i.e. x +y = mA and hence, from (11), zy — 1 = (m + 1)A. By 
substraction zy — 1 — z — y = A, giving (x — 1)(y — 1) = A + 2, and we can repeat the 
procedure shown in i). 


c) n = 4, i.e. 





1 1 1 1l r 
arctg — + arctg — + arctg — + arctg — = —. (12) 
c y Zz t 4 
By (*) we have 
1 1 x+y 
arctg — + arctg — = arctg ———, 
x y zy—1 
1 1 z+t 
arctg — + arctg — = arctg ——_, 
Zz t zt—1 


so form (12), by applying one again (*) we arrive at 
Ty, SUP s qos me) z+t 
zy—1 z-1 zy—1/ NX2t—1/ 


(x + y)(zt — 1) (xy — D)(z +t) = (xy — 1)(zt — 1) — (x + y)(z +t), 








implying 
(e+ y)Gt--z4-t—1)—(zxy—1)Gt—z-—t-— 1). (13) 


Since the most general solution of XY — ZT is X — ab, Y — cd, Z — bd, T — ac, 
where (a, d) = 1, we obtain from (13): 


xr+y=ab, z2t+2+t-l=cd, xy—1-bd, zt—z—t—1-ac, 
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where (a, d) = 1, d > a. These give the pair of equations 


£ +y = ab 
zy =bd+1 
and 
2(z +t) — c(d — a) 
2(zt — 1) = c(d + a) 


with d > 1, (d,a) = 1. These equations provide all solutions by trial. For example when 





a = 4, d = 7 we get the solution x = 3, y=5, z=7,t=8. 
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18 A sum equal to a product 
Here appear equations of type 


xat +... HE = (2122... 2n)” (1) 





where x; > 0 (i = 1,n) are integers and k € N. Particularly, it is conjectured [1] that for 


k = q(m), where m = p° (p prime, a > 1) and y is Euler’s totient, the equation (1) has 











the only solution 7; =... = £n = 0. We can infirm this conjecture by the equation 
x90 Lag Lo PO Lue = ve c ve veto ge) (2) 
where z, = 3 = ... = £g = l, Lo = Lip = 2. Indeed q(4) = 2, (where m = 2?) and 


1-84-2.2? = 1-2?.2?, i.e. 16 = 16. For another counterexample consider (1) for n = 226, 





k = 9(8) = 4 and zi Tx T224 1, 1225 = $396 = 16. Then 1 -224+2-16=1-16-16, 





i.e. 256 = 256. In fact, by putting z^ = y;, equation (1) becomes 


Yi tyot..-+ Yn = Va - Yn: (3) 


Clearly, if one of y’s is 0, then all y = 0. So, let us suppose y; > 1 (i = 1,n). Let 
yi =a; +1 (a; > 0). Then (3) becomes 


Soap +n=[[at+) =[Jat > aia, ...04,_, +...+ ranas + S Lait 1, 
i.e. 
l[e 572.25... 9... 20,2, =n-1 (4) 


For fixed n, clearly Sai dio... Oi, < n — 1, which can be true for only finitely 
many a’s. Thus, the equation (4), ie. equation (3) can have at most a finite number 


of solutions. Equation (3) always has at least a nontrivial solution. Let n > 3 and put 








Uu Y2 E Yn-2 1, Yn-1 = 2; Yn = n. Then 





Yı ee +Yn-2 + Yn-ı Pl, = ee 2h, 
and 
Y1Y2- + Yn—2Yn = 1: 2- n = 2n. 
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Therefore, we have obtained a solution (y1,...,Yn) with yi € yo € ... € Yn- 

For particular n, all solutions can be obtained. For example, for n = 3, all solutions 
satisfying y; < yo € ys are yı = 1, yo = 2, y3 = 3. This follows easily from (4), which in 
this case is 


0102303 + ` ayag = 2 (5) 


Now, this is impossible if all a; > 1. Let a1 = 0. Then aga3 = 2, so ag = 1, ag = 2, 








implying yı = 1, y» = 2, y3 = 3. For n = 4, (4) is 
41020304 + ` 410203 + D 4105 = 3 (6) 


Now, let a, < a2 € a3 € a4. Then a4 = 0, a» = 0, a3a4 = 3, i.e. a3 = 1, a4 = 3, giving 
yi = 1, y2 = 1, ys = 1, ys = 4, which is the single solution of (3) for n = 4, satisfying 


Yı € y» € y3 € ys. For n = 5, one has two distinct solution with y4 < yo € ys € Y4 € ys, 





namely y = 1, y2 = 1, ys = 2, y4 = 2, 9 = 2, yı = 1, y2 = 1, y3 = 1, y4 = 3, Ys = 3. 
Now, for equation (1) with k > 2, one can see that for n = 2,3,4,5 the only solutions are 
x; = 0 (i = 1,n). However, for great of values n, one can obtain solutions, as are shown 
in the two examples at the beginning of this note. 
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19 On certain equations involving n! 


The aim of this paper is to solve some diophantine equations in which appears the 
factorial of a natural number. Our method is based on the theory of Gamma function, 
which is a generalization of the factorial ([1], [5], [6], [7], [8]). 

The idea of this method has its origin in the equation (p!)* = (k!)?, used in [2] in 
order to study an extremal problem. However the solution from [2] is elementary, while 


by writing the equation in the form (p!)'/? = (k!)'/*, it is natural to consider the function 
f(z) 2T(x-1)/7, x20, 


where 
r(x) = "E e*t dr 
0 
denotes the Euler Gamma function. It is known ([6]) that f(a) is strictly increasing 
function for x > 1, implying f(x) = f(y) only if x = y, thus the above diophantine 
equation has the solutions p = k, for p, k > 1. We note that for p = 1 one has k = 1. Start 
with some introductory lemmas. 
Lemma 1. (see [6], [7], [8]) For x > 0 one has: 


vo- (FE) = 3e e? (1 


n=0 





where w(x) = T'(x)/T (x) is Euler’s "digamma" function ([1], [8]). 


Lemma 2. ([6]) For x > 1 one has: 


lnT (x) > (2-5) Ine —2+InV2R + zx (2) 
nri) « (2-3) Ine — a +n V+ nm (3) 


Proof. Suppose f has a second order derivative on (a,b). Using the ” trapezoidal 


formula” ([3]), we can write: 





] (t - Ero + 10 - Tre). 


where € € (a,b). Take f(t) =InT(t), a= x, b= x + 1. In view of the equality 
a+1 
f lnT(t)dt = alna — a + ln V27 
(see [8]), we have: 
1 -- 
xlng-— zgr +lnv2r = 5 In(T(z)I'(x + 1)) — "id (£). 


But I(x + 1) = I(x), and on the other hand it is well-known that if g is a strictly 


decreasing positive function with the property that 


lim g(x) = 0, 


then 


] «04 «320 «o [ stt 
0 om 0 
(see [5] p.359). Letting g(x) = (x + t) ?, the above inequalities easily imply 


i. a: Fai 1 
ot Rs. wes j fore > 1, 





so by (1) we deduce at one (2) and (3). Using the same method we can prove (see [7]): 


Lemma 3. For x > 1 one has: 


1 1 
2x  12(r— 1y 





v(x)»1nz-— 


1 1 
MEL TS 
CLE GE TIC, 





As a consequence of this lemma, we obtain from (6) and a simple integration 


Corollary 1. For x > 1 we have: 


ln(x — 1) < y(x) < lng (6) 


Corollary 2. For x > 1 we have: 


zinzr—z-41«lhmnI(rc-l)«(rz-l)n(r41)—z (7) 


104 


Now we prove: 


Theorem 1. The solutions of the diophantine equations 


(kl)? - p*? = (pl). x? (8) 


are k = p. 


Proof. Take f(z) = T(x 4- 1)/* and g(x) = f(x + 1)/ f(x). It is immediate that (8) 
is equivalent with f(k)/k = f(p)/p and (9) with g(k) = g(p). Thus we have to study the 


monotonicity of f(x)/x and g(x). By a simple computation we get 


(f(x)/z)' = (f(x)/x)(h(z) — 1/2) 
and 
g (x) = g(z)[h(x 1) — h()] 


where 
1r 1 ln T 1 
naj- Pe+1) we +1) 
x T(a@ +1) d 
First we show that h(x) < 1/z, implying that f(x)/x is strictly increasing so (8) has 





(10) 


the only solutions k = p. Indeed, by (6) and (7) the above expression of h(x) gives: 
h(z)-1/z«(xzln(z4-1)- zlnz--1) ?«0 


by the well-known relation (12-1/z)* < e. Twofold, we show that h(x) is strictly decreasing 
which give the same property for the function g(x), proving the theorem for (9). We have: 


I'(z +1) 


Hay E Inte + 1) -2 


+ 1) r°? = Ae. 
Using (3) and (4) for A(x) we get: 
A(x) < — ln(x 4- 1)/z - 1/32? —1+1/(2+1) < —In(x + 1)/z « 0. 


Theorem 2. The solutions of the diophantine equation 


2 p(p—1) 2 k(k—1) 
k* —1 p? ZI 
(en) £ (E) (11) 
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are k = p. 
Proof. (11) is equivalent with q(k) = q(p), where q(x) = xg(x), g being defined in the 
proof of Theorem 1. One finds: 


q(x) = g(a){1 + [h(x + 1) — h()]j, 


where h(x) is defined in (10). By the relations (6) and (7) is not difficult to show that 


P(z+1) 1 | T 
IU(r4-1) z-1 (x19? 





14 x[h(z 4-1) — h(z)] = — 


(In T(z + DT 


Thus q(x) is a strictly increasing function, proving (11). 


— gc In(z -- 1)(z -- 1)? 1» (a? - z2)/z(x +1)? > 0. 








Theorem 3. The solutions of the diophantine equations 
(k + 111/092 — (p+ 1)1/ G2 = R/O) gn) (12) 


(k -- 2) / 02) — (5 + 2/92) — (E p 1/990 — (5. e 1) ery (13) 


are k — p. 
Proof. (12) is equivalent with 


fi(k +2) — fi(k +1) = filp+2) — fip +1), 


where fi(z) = T(x)", while (13) is equivalent with the same relation for the function 
f(z) =T(x + 1)V*. For the monotonicity of the sequences (fi(k + 1) — fi(x)}, {f(k + 
1) — f(k)} it is sufficient to study the convexity or concavity of the above functions. We 


prove that fi(x) is a convex function for x > 0. By successive differentiation we obtain: 
1 (2) = fi(z)t-x mT (x) + x T'(z)/T(x)]^ 


+2273 nT (x£) — 2z 7I" (z)/T(z) + x- HI" (2) /T (ayy. 


Here (I’(x)/I'(x))’ > 1/z (see the proof of Lemma 2), so: 


Gy > fh" (P (2) /T (a) — 2  InT (x) 2 1)? > 0. 
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This method cannot be applied for the function f(x), because of I"(x + 1)/P(x + 
1) < 1/x (see the proof of Lemma 2). However, by a more complicated argument can 


be proved (|6]) that for x > 7, the function f(x) is strictly concave. Thus the sequence 





("¥/(n -- 1)! — Vn!) is strictly decreasing (answering in this way an open problem [4]) 
and this finishes the proof of (13) for k, p > 7. The remaining cases may be examined by 
direct verifications. 

Remark. For related problems and results on the monotonicity, convexity or loga- 
rithmic convexity of functions connected with Euler's Gamma function, see [6]. 
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20 On certain diophantine equations for particular 


arithmetic functions 


Let n > 1 be a positive integer, and let y(n), a(n), d(n), w(n), Q(n), S(n) denote Eu- 
ler’s totient, the sum of divisors, the number of divisors, the number of distinct divisors, 
the number of all divisors, and the Smarandache function of n, respectively. These func- 
tion have a very irregular behaviour and their study is very difficult sometimes, or even 
impossible with the momentary state of the science. For example, the study of the equa- 
tion o(n) = 2n is nothing else than the study of perfect numbers, and it is known that 
([2])) the odd numbers of this kind are greater than 10°°° and there are few chances to 
decide practically (or even theoretically) the existence of such numbers. It is not known if 
the equation a(n) = o(n + 1) has infinitely many solutions (though such a result is true 
for the function d, see [2]); and the same can be said for the equation y(n) = y(n + 1). 
Other equations as o(y(n)) = n or S(n + 1) + S(n+ 2) = S(n 4- 3) + S(n + 4) are also 
unsolved ([2], [6], [15]). 

In what follows we will solve, by using an elementary argument based generally on 
inequalities, certain equation for the above arithmetic functions. The applied methods 
permit us to obtain, in most cases all solutions. Though the equations which will follow 
are much simpler than the above stated ones, they have an interest, maybe suggesting 


ideas for attacking more complex problems, too. 
The equation c(n) — n 4-3 


By » d = o(n) we can write the equation in the form 
d|n 


This equality hods true only for d = 2, and then clearly n = 4. Therefore n = 4 is the 


single solution of the equation. 
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The equation c(n) — n 4- k, k = fixed 


From a(n) > n+ 1 (with equality only for n = prime) we get that for k = 1 the 
equation has infinitely many solutions. Let us suppose thus k > 1. In this case n must 
be composite number, so it must have at least a divisor d ¢ (1, n). Here one can admit 
d > y/n for if one writes n = dq with d < yn, then clearly q > yn and we may select q 


instead of d. From the definition of e one has 
o(n)>ltnt+d>1ltnt+yVn>ltntk>nt+k 


for sufficiently large n. Therefore, for k > 1 the considered equation can have at most a 
finite number of solutions. 
Generally speaking we cannot say more on the solutions of this equations, for special 


values of k we can apply "special treatments" (for k = 3 see above). 


The equation 2d(n?) — 3d(n) 


Let n — lI» be the prime factorization of n > 1 (n = 1 is not a solution). First 
i=1 
we prove that 





w(n) 
> G) for all n > 1. (1) 


Indeed, since 
r 


d(n)=|](ai+1), d?) = [ [Qo +1), 


i=1 i=1 

by 2(2a; + 1) > 3(a; + 1), after multiplication we get (1) with w(n) = r. We can have 

equality in (1) only for a; = 1 (i = 1,r) thus for n = PiP2-+- Pr; i.e. n =squarefree number. 
Thus the stated equation implies by (1) ; > :) , giving r = 1, i.e. the proposed 

equation has the solutions n — p (prime). 


The equation co(n) =n 4- d(n) 
First we show that if n is not a prime of a square of a prime, then 


a(n) > (vn +1) (2) 
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n 
Indeed, let p be the least prime divisor of n. Then 1, p, —, all are distinct divisors of 
p 
n, SO 


n 
e(n) 2 vp aa 


since p + = > Wn. 
P 


In what follows, we will use the known inequality 


d(n) < 2yn (3) 


(see W. Sierpinski [12]). For the sake of completeness, we give the short proof of (3). If 
d is a divisor of n, the same is true for S and we can form couples (a, Al (E.g. for 
n = 72 one has: (1,72), (2,36), (3,24), (4,18), (6,12), (8,9)). Since the number of such 
couples is at most yn, we deduce d(n) < 24/n. In fact we note that the inequality is 
strict. Indeed, when n is not a square, then yn is irrational, so an) = rational Z yn. 
When n = m? is a square, then d(n) = odd number (this follows from the formula for 
d(n)), while 2//m? = 2m is even. So d(n) < 2 /n. 

Now (1), (3) yield o(n) — d(n) > n-- 1 when n Æ p, p°, so the proposed equation may 
have solutions only for n = p or n = p°. Since p + 1 Z p + 2 and p? + p + 1 = p? + 3 only 


for p — 2, the single solution of the given equation is n — 4. 


The equation d(n) + y(n) 2 n1 


One can remark that n = prime and n = 1 are solutions. Let n > 1 be composite and 
let i Z 1 be a divisor of n. Then g.c.d. (i, n) Z 1. Therefore, clearly d(n) + y(n) « n 4-1 
from the definitions of d and y (which is the number of couples (i,n) such that g.c.d. 


(i,n) — 1, à € n). Therefore n Z 1, n Z p cannot be solutions. 


The equation y(n) = d(n) 


n = 1 is a solution, let n > 1, n = I] p (for simplicity we do not use indices), where 


p = prime, a > 1. Then 
ep) _ p'(p— 1) 


d(p?) a+1 
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and for p > 3 one has 3^7! - 2 > a + 1 for all a (which can be proved easily by induction 


on o) with equality only for a = 1, p = 3. One gets 
y(n) > d(n) for all n = odd, (4) 


with equality for n € {1,3}. 


Let now be n even, i.e. n = 2*m with m = odd, a > 1. For a > 3 one can write 
y(n) = e(2*)e(m) > 2*7! d(m) 
on base of (4). But 27! > a+ 1, with equality for a = 3, so 
y(n) > d(n) for n = even, 8|n (5) 


In the above inequality we must have m — 1 or m — 5, so in (5) we can have equality 





only for n = 1 -8 = 8, n = 3-8 = 24. We have to study the remaining cases a = 1, a = 2. 





For a = 1 one obtains the equation 
y(m) = 2d(m), m = odd; (6) 


while for a = 3 we have 


Let m = lI». Then (6) becomes 


p23 


with equality only for 6 = 1, thus m = 5 or m = 3-5 are the single possibilities. From 
here, as solutions we get n = 2 - 5 = 10; n = 2-3-5 = 30. 
In the same manner, (7) becomes 


II pou). 3 


B+1 F 





p23 


Se? 5671.4 
dai a > 5 and we cannot have equality. Therefore, this case 


doesn’t provide solutions. 


But 


By summing, all solutions of the initial equations are n € {1,3,8,10, 24,30}. As a 
consequence, we can write: 


y(n) > d(n) for n > 30. (8) 
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The equation y(n)d(n) = y(n) +n —1 
We shall use the well-known Gauss relation (|1], [3]): 


dv =n (9) 
and the divisibility property ijn = (i) € y(n) (in fact e(i)|p(n)). By (9) and this 
divisibility property, one can write 

1<n=1+ M oft) <1+y(n) X 121-4 e(n)(d(n) - 1), 
ijn,i>1 iln,i>1 


with equality only for n = prime. Therefore 
e(n)d(n) 2 p(n)+n-1 (10) 


improving y(n)d(n) > y(n) due to R. Sivaramakrishnan [13]. See also [9]. In (10) one has 


equality for n — prime or n — 1, so these are the general solutions. 


On the equation o(n)(w(n) +1) =n 


n = 1 is a solution, since by definition w(1) = 0, where w(n) denotes the number of 
distinct prime divisors of n. 


Let 1 < n = lI» with r = w(n). Suppose p, < ... < pr. Then clearly p, > 2, 


i=l 
P2 > 3,..-, Pr > r +1 (with equality only for p; = 2, p; = 3), thus 
1 1 1 1 
c(n)-n|[1——]...(1-—]|2m[1-z]...(1— = 
Pı Pr 2 r+1 
1 


This implies 








y(n)(w(n) +1) 2 n for all n, (11) 


with equality only when n has at most two distinct solutions, namely 2 and 3. By taking 


into account this fact, the set of solutions is 
nef1)yuU(2-3:i4»0,520) (12) 
Reciprocally, the numbers from (12) are indeed solutions. 
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The equation c(n) = n(w(n) + 1) 


We show first that (on the light of (11)) 
e(n)e(n) < n? (13) 


with equality for n = 1, This is well-known (see e.g. [3]), but the simple proof may be 
inserted here. 


Let 1< n= lI» Then 


i—l 





i=1 Pi i=1 Pi 
T 20; T 1 T 20; 2 
- Ls I] LS ey « Ls = d 
i=l i=l Pi i=1 
giving (13). 
Now, (11) and (13) imply 
a(n) € n(w(n) + 1) (14) 


with equality only for n = 1, which is the solution of our equation. 


The equation d(n) = 24? 
Let n = I] p;' > 1 be the canonical factorization of n. From 
i=1 


T T. 


d(n) = [ [lu +1) 2 [[2 2 27? 


i=1 i=1 
it results 


d(n) > 2 (15) 


where one has equality only when all a; = 1, i.e. when n is squarefree. Thus all solutions 


are: n = 1 and n = squarefree (i.e. product of distinct primes). 
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The equation d(n) = 2°) 


As above, one can write 


r T 


d(n) = [ [(e; - 0 € [ [2*. 


i=l i—l 


by the elementary inequality o + 1 < 2°. Since 


we get 


d(n) < 299 (16) 


with equality for n — squarefree (and n — 1). 
Remark. By (15) and (16) one can deduce that the normal order of magnitude of 
log d(n) is log 21og log n. 


The equation a(n) = y(n) + d(n)(n — o(n)) 


We shall apply the following known identity ([1], [3]): 
di (F) ale) = oln) (17) 
iln. 

We note here that this identity can be proved for example by using the multiplicativity 
of y and d, which implies their Dirichlet product is also multiplicative. Hence, it is suff- 
cient to consider only n — p* (prime powers). In this case a simple algebraic calculation 
shows the valability of (17). 

We now apply the method from paragraph 7, by remarking that im = d(i) € d(n). 
This follows without difficulty from the definition of d. Therefore: 


implying: 
a(n) € y(n) + d(n)(n — e(n)), (18) 


a better inequality than 
nd(n) 2 y(n) + o(n), (19) 


due to C.A. Nicol [4]. 
From the demonstration of (18) one can see that one has equality for n = 1 and n = 


prime. 


the equation o (a [*f9]) an 


Though the equation y(o(n)) = n is extremely difficult to study (see e.g. [2], [6]), 
the equation in the title can be solved relatively easily. (Here [x] notes the integer part of 


x). Along with relation (13) we need another property of the function y, namely 
plab) € ay(b) for all a,b > 1 (20) 
See e.g. [7], [8] for many similar inequalities. If 
a= [iie +- 
(where (p,q) = (p, t) = (q,t) = 1 are primes) then 
ines 


with equality if doesn't exist t, i.e. all prime factor of b is a prime factor of a, too. By (20) 





and (13) one can write 


re pau) A eel c 
Er) sr 


TL 


eE) an 


with equality only for n = 1 (see (13)!). Relation (21) is due to A. Oppenheim [5]. Similar 


Therefore 


inequalities for Dedekind’s or other functions appear in [6], [7], [8]. 
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The equations y(n) = 5 and y(n*) =n (a > 1) 


The first equation is solvable only for n = even; let n = 2^m with m > 1, odd. From 


the multiplicativity of y results 


Thus: 


p(n) < 5 for n = even. (22) 


One has equality only for n = 1, i.e. n = 2* (the powers of 2). 


For the study of the second equation, we shall use relation (14): 








(n) > —— 
A w(n)+1 
From (15) and (3) we get 
In2/n llnn 5 
< — 14 14-1 
w(n) S 72 2«$3 ^ ^6 ^" 
3 
from In2 20,6931... > 5° Thus 
(as 6n 
T 124 5lnn' 
Or 
6n 
————— 2 
DEED EN S em 
6n? pne 





Now n = (n°) > — oo gives a contradiction for sufficiently 


b 
12+ 5alnn j lnn 
large n (n — oc), so the equation y(n®) = n can have at most a finite number of solutions. 


Let us consider the case a = 2. From (23) follows the weaker relation 
y(n) > vn for n £ 2,6 (24) 


due to A.M. Vaidya [14]. Thus y(n?) > n and the equation y(n?) = n has the only 


solutions n = 1 and n = 2. 
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d(n) Inn 
2 
Let A be the von Mangoldt function, i.e. A(n) = Inp for n = p° (p prime, a > 1); 


The equation A(n)(d(n) — 1) = 


—0, in other cases (see e.g. [1], [3]). The following identity is well known: 
ye A(i)= Inm. (25) 
The identity 
257A (=) d(i) = d(n)lun (26) 
i 


can be proved via similar arguments. Now 


anion = A(n) + 37 A (4) a) < Aln) + a(n)(nn — Aln) 
iln 


i1 


and on base of property (26), as well as im = d(i) < d(n) one gets 
(27) 


with equality for n = 1 and n = prime; which provide the most general solutions of the 


proposed equation. 


The equation S(n) =n 


Let S be the Smarandache function defined by S(n) = least positive integer m such 
that n|m! (see [10], [11], [15]). We shall prove that for all n one has 


S(n) <n (28) 


with equality only for n = 1,4 or prime. Therefore, all solutions of the equation in the 
title are n € {1,4}U{p: p prime}. Inequality (28) is trivial from the definition: n = 1,4, p 
are solutions. 

Let n > 4 be composite, another solution i.e. n = ab with a > b > 2. Then a! = 


1-2-3...b...a is divisible by ab, so ab|a!. Therefore, by the definition of S one has 
Stab). = Sin) «€. d — — <n, 
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by contradicting n = S(n). 
If a = b, then n = a? and clearly a?|(1-2-3...a...2a) = (2a)! implies S(n) < 2a. 


Here a > 2 (by n > 4) so S(n) € 2a < a? = n, contradiction. 


The equation $(n?) =n 


We will prove that 
S(n?) € n — 1if n Z 1,p, 2p, 8,9 (p prime) (29) 


If n Æ p, 2p, p°, 8, 16, then n = ab, (a Æ b, a,b > 3). If n Z 16, then n = ab with a > 3, 
b > 5. Let n = ab, where b > a, a > 3. Then a,b, 2a, 2b, 3a < n —1 and a, b, 2b are distinct, 
and at least one of 2a, 3a is different from a, b, 2b. Therefore (n — 1)! contains a, b, 2b, 2a 
or a, b, 2b and 3a. In all cases (n — 1)! is divisible by a?b? = n?. 

If n = p? then n — 1 > 4p and (n — 1)! contains the terms p, 2p, 3p, 4p; implying (n — 1)! 
divisible by p* = n?. If n = 2p then p? { (n — 1)!. If n = 8,9 then n? ł (n — 1)!. if n = 16, 
then n?|(n — 1)!. By summing n? f (n — 1)! iff n = p, n = 2p or n € (8,9), giving relation 
(29). 

It is immediate that S(8?) = 8 and S(9?) = 9. On the other hand S(p?) = 2p = 
p? € p=2 and S(Ap?) = max(S(4), S(p?)) = max{4, 2p} = 2p for p > 3 and for p = 2, 
S(16) — 6 z 4. By collecting the above results, all solutions of the equation in the title 
are 


n € (1,210 (2p: p prime, p > 3} U (8,9) (30) 


See also [11]. 
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21 On the diophantine equation a? + b? = 100a + b 


The numbers 1233 and 8833 have the curious property that 1233 = 12? + 33? and 
8833 = 88? + 337. Let xyzt be a four-digit number satisfying this property, i.e. zyzt = 
Ty? + zt. By putting a = zy, b = zt, since ryzt = 100zy + zt = 100a + b, we are led to 


the following diophantine equation: 
a^ +b? = 100a + b. (1) 


The above problem required a and b to have two digits, but we generally will solve 
this equation for all positive integers a and b. 


By considering (1) as a quadratic equation in a, we can write 
Q1,2 = 50 + V 2500 + b = b2. (2) 


To have integer solutions, we must suppose that 
2500 +b- b = 27 (3) 


for certain positive integer x, giving a,» = 50+ 2. 
By multiplying with 4 both sides of equation (3) we can remark that this transforms 
equation (3) into 


(2x)? + (2b — 1)? = 10001. (4) 


It is well known that an equation of type u? + v? = n (n > 1) has the number of 
solutions 4(7, — T2), where 7, and 75 denote the number of divisors of n having the forms 
4k+1 and 4k + 3, respectively. Since 10001 = 137-73 and 137 = 4-34 - 1, 73 = 4-184- 1, 
clearly 7; = 4, 7 = 0. Thus u? +v? = 10001 can have exactly 16 : 4 = 4 positive solutions, 


giving two distinct solutions. Remarking that 73 = 3?--8?, 137 = 11?--4?, by the identities 





(a? + 8) (u* + v?) = (au — Boy! + (ub + av)? = (Bu — av)? + (au + Bv?, 


we can deduce the relations 76? + 65? = 10001, 100? + 1? = 10001; implying 2x = 76, 
2b —1 = 65; 2x = 100, 2b — 1 = 1 respectively. For x = 38 and b = 33 we get the 
values a, = 50 + 38 = 88, ag = 50 — 38 = 12. For x = 50, b = 1 one has a, = 100, 
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az = 0. Therefore, all solutions in positive integers of equation (1) are (a,b) = (12,33); 


(a, b) = (88,33). These are exactly the numbers stated at the beginning of this note. 
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Chapter 3. Arithmetic functions 


» 


.. What one would like, of course, is to translate it into number theory, the bedrock of 


mathematics..." 


(Gregory J. Chaitin, Conversations with a mathematician, Springer Verlag, 2002) 
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1 A note on S(n) 
Let S be the Smarandache function. We will prove that the inequality 
S(n) € S(n — S(n)) (1) 


is valid for infinitely many n. Let p < q be prime numbers and put n = pq. We shall prove 


that (1) is valid for such numbers. Indeed, since S(pq) — q, in this case (1) becomes 
q € S(pq — 4) = S(a(p — 1)). (2) 
Since p « q, clearly (p — 1,q) — 2, so by a well known theorem, we have 
S(q(p — 1)) = max{S(q), S(p — 1)} = max(q, S(p — 1)}. 
Thus, inequality (2) becomes equivalent with the following obvious relation: 
q € max(q, S(p — 1)}. (3) 


In the same manner can be proved that (1) is valid for n = pipa...py, where pı < 


po € ... € pp are primes and py 1 (pi... Pe—1 — 1). 


Remark. (1) answers an Open Question [1]. 
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2 On certain inequalities involving the 
Smarandache function 


1. The Smarandache function satisfies certain elementary inequalities which have im- 
portance in the deduction of properties of this (or related) functions. We quote here the 
following relations which have appeared in the Smarandache Functions Journal: 


Let p be a prime number. Then 





S(p”) < S(p”) for x < y (1) 

S p° S pore 
LE DUI for a0 (2) 

where x, y, a are nonnegative integers; 
S(p*) € S(q*) for p € q primes; (3) 
(p — 1)a - 1 € S(p*) € pa. (4) 
Ip» S andpsa-1 (a > 2), then 

S(p") € pla — 1). (5) 


For inequalities (3), (4), (5), see [2], and for (1), (2), see [1]. 
We have also the result (|4]): 


For composite n Z 4, 


S(n) .2 
ONUS Md e) 
n c) (6) 
Clearly, 
1 < S(n) for n > 1 and 1 < S(n) forn > 2 (7) 
and 
S(n) <n (8) 


which follow easily from the definition S(n) = min{k € N* : n divides K!j. 


2. Inequality (2), written in the form S(p**!) < pS(p^), gives by successive application 


Sp) SS") < p Spp" scu 
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that is 
S(p^'*y <p «S(p^) (9) 


where a and c are natural numbers. (For c — 0 there is equality, and for a — 0 this follows 


by (8)). 
Relation (9) suggests the following result: 


Theorem 1. For all positive integers m and n holds true the inequality 


S(mn) € mS(n). (10) 


Proof. For a general proof, suppose that m and n have a canonical factorization 


— A01 a bi b c uL c dı dk 
mM = pi .e.D4q.eqdjg, n—p Pe ity otg, 





where p; (i = 1,r), q; (j = 1,5), tp (p = 1, k) are distinct primes and a; > 0, cj > 0, 
bj > 1, dp > 1 are integers. 


By a well known result (see [3]) we can write 
S(mn) = max{ S (pt), ... , S(p), Sla), ..., Sla), BES), ou S4E)} < 


x mador S (pio) opas ne oS (ato) eG a 


by (9). Now, a simple remark and inequality (8) easily give 
S(mn) € pt... pirat! ... qi max(S(pr)),..., S(pz), S(t1),..., S(t) } = mS(n) 


proving relation (10). 


Remark. For (m,n) — 1, inequality (10) appears as 
max{S(m), S(n)) € mS(n). 


This can be proved more generally, for all m and n 


Theorem 2. For all m,n we have: 
max(S(m), S(n)) € mS(n). (11) 
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Proof. The proof is very simple. Indeed, if S(m) > S(n), then S(m) € mS(n) holds, 
since S(n) > 1 and S(m) € m, see (7), (8). For S(m) € S(n) we have S(n) € mS(n) 
which is true by m > 1. In all cases, relation (11) follows. 

This proof has an independent interest. As we shall see, Theorem 2 will follow also 
from Theorem 1 and the following result: 


Theorem 3. For all m,n we have 


S(mn) > max(S(m), S(n)}. (12) 


Proof. Inequality (1) implies that S(p*) < S(p***), S(p*) < S(p***), so by using the 
representations of m and n, as in the proof of Theorem 1, by Smarandache's theorem and 
the above inequalities we get relation (12). 

We note that, equality holds in (12) only when all a; = 0 or all c; = 0 (i = 1,7), i.e. 
when m and n are coprime. 

3. As an application of (1 
(a - 
b) Ifa has a TT divisor b # 4, then 


S() S0) . 
a 6b <$ 





Corollary 1. a) 





(14) 


Proof. Let a = bk. Then UE 20 is equivalent with S(kb) < kS(b), which is 


bk 7 b 
relation (10) for m = k, n = b. 
Relation (14) is a consequence of (13) and (6). We note that (14) offers an improvement 
of inequality (6). 


We now prove: 


Corollary 2. Let m,n,r,s be positive integers. Then: 


S(mn) + S(rs) 2 max{S(m) + S(r), S(n) + S(s)). (15) 
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Proof. We apply the known relation: 
max{a+c,b+d} € max{a,b} + max{c, d). (16) 


By Theorem 3 we can write S(mn) > max{S(m), S(n)} and S(rs) > max{S(r), S(s)}, 
so by consideration of (16) with 


we get the desired result. 

Remark. Since (16) can be generalized to n numbers (n > 2), Theorem 1-3 do hold 
for the general case (which follow by induction; however these results are based essentially 
on (10)-(15), we can obtain extensions of these theorems to n numbers). 

Corollary 3. Let a,b be composite numbers, a # 4, b #4. Then 


S(ab) P S(a) + S(b) e 2: 
ab 7 a+b T73 








and 
S?(ab) < ab[S?(a) + S?(b)] 
where S?(a) = (S(a))?, etc. 


Proof. By (10) we have S(a) > , so by addition 








giving the first part of (16). 
For the second, we have by (6): 


2 2 
S(a) < 3% S(b) < 35 


SO 


S(a) + S(b) < Ž(a +0), 


yielding the second part of (16). 
For the proof of (17), remark that by 2(n? + r?) > (n + r)?, the first part of (16), as 
well as the inequality 2ab < (a + b)? we can write successively: 
ab? 2ab? 
S(a) 4 PE 
(a+b) (a) + S(0)] +p: 





S?(ab) < [S2(a) + S?(b)] < ab[S?(a) + S*(b)]. 
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3 On certain new inequalities and limits for the 
Smarandache function 


I. Inequalities 
1) If n > 4 is an even number, then S(n) < 
Indeed, 5 is integer, 5 > 2, so in ( 


n| (=). This implies clearly that S(n) < i 


NI 3 
a 
Il 


Q^ 0 ME 5 we can simplify with 2, so 


2) If n > 4 is an even number, then S(n?) € n. 

By n! 2 1-2-3... 5 ...n, since we can simplify with 2, for n > 4 we get that n?|n!. 
This clearly implies the above stated inequality. For factorials, the above inequality can 
be much improved, namely one has: 


3) S((m!)?) € 2m and more generally, S((m!)") < nm for all positive integers m and 


First remark that 


(mn) | (mn)! | (m-n)! (2m)! 





im SR TL. 
(m!)" | m!(mn —m)! m!(mn —2m) m!-m! 2 RRR VEN 


where Ck = (7) denotes a binomial coefficient. Thus (m!)" divides (mn)!, implying the 
stated inequality. For n — 2 one obtains the first part. 

4) Let n > 1. Then S((n!)'-9*) < nl. 

We will use the well-known result that the product of n consecutive integers is divisible 


by n!. By 
(n!)! 21-2-3...n((n-- 1)(n c 2)...2n)...((n — 1)! — 1)... (n — 1)In 


each group is divisible by n!, and there are (n — 1)! groups, so (n!) "—' divides (n!)!. This 
gives the stated inequality. 

5) For all m and n one has [S(m), S(n)| € S(m)S(n) € [m,n], where [a,b] denotes 
the 1-c-m of a and b. 

If m = lI». m= I] qj” are the canonical representations of m, resp. n, then it is 
well-known that 


S(m) = S(p;") 
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and 


where 
Sip) = max {S(p ): i=1,...,r}; 
Sar) = max { (S(g7') ib us shh : 
with r and h the number of prime divisors of m, resp. n. Then clearly 


[S(m), S(n)] € S(m)S(n) < pë - a? < [m,n] 
S(m)S (n) 


- (m, n) for all m and n 








by 5) and the known formula [m,n] = 


7) ae - = 
Since S(mn) < mS(n) and S(mn) € nS(m) (see [1]), we have 


(Sea) < S(m)S(n) 


(m, n) 


2 
for all m and m. 





mn mn ^| 


and the result follows by 6). 
j 


8) We have Surio) 





mn (m,n) 
This follows by 7) and the stronger inequality from 6), namely 





S(m)S(n) € [m,n] = Cm 








m,n) 
Corollary. S(mn) < e 
(m, n) 
S(mn) 
9) max(S(m), S(n)} > ae for all m, n, where (m,n) denotes the g-c-d of m and 


We apply the known result: max(S(m), S(n)} = S([m,n]). On the other hand, since 


Im, n||mn, by Corollary 1 from our paper [1] we get 


S(mn) — S([m,n]) 


mn [m,n] 





mn 


(m,n) 


Remark. Inequality 9) complements Theorem 3 from [1], namely that 


Since [m,n] = , the result follows. 


max{S(m), S(n)) € S(mn) 


1) Let d(n) be the number of divisors of n. Then 


S (n!) 


S (n499/2) 
n! l 


nd(n)/2 





< 


We will use the known relation 


lI k= n2, 


k|n 


where the product is extended over all divisors of n. Since this product divides I] k=n!, 
k<n 
by Corollary 1 from [1] we can write 


S | ][^ 


S (n!) P kin 


nl — je 


k|n 





which gives the desired result. 

Remark. If n is of the form m?, then d(n) is odd, but otherwise d(n) is even. So, in 
each case n“/? is a positive integer. 

11) For infinitely many n we have S(n +1) « S(n), but for infinitely many m one has 
S(m 4- 1) » S(m). 

This a simple application of 1). Indeed, let n = p — 1, where p > 5 is a prime. Then, 
by 1) we have 

S) = S(p-1) <P <p 


Since p = S(p), we have S(p — 1) < S(p). Let is the same manner n = p+ 1. Then, as 
above, 


+1 
S(p + 1) < — < p = S(p). 
12) Let p be a prime. Then S(p! +1) > S(p!) and S(p! — 1) > S(p!). 
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Clearly, S(p!) = p. Let p! + 1 = I] a be the prime factorization of p! + 1. Here each 
qj > p, thus S(p! + 1) = Sla’) (for certain j)> S(p?/) > S(p) = p. The same proof 
applies to the case p! — 1. 

Remark. This offers a new proof for 11). 


13) Let p, be the kth prime number. Then 


S(pipa ...px + 1) > S(pipa...px) 


and 
S(pipa ...px — 1) > S(pypo...px) 
Almost the same proof as in 12) is valid, by remarking that S(pipo...pr) = px (since 


Pı pa <... < Pk). 


14) For infinitely many n one has (S(n)) < S(n — 1)S(n + 1) and for infinitely many 














m, 
(S(m))? > S(m — 1)S(m +1) 
By S(p + 1) < p and S(p — 1) < p (see the proof in 11) we have 
S(p+1) 5(p , S(p) 
S(p) S(p)  S(p-1) 
Thus 
(S(p))? > S(p — 1)S(p + 1). 
S(n+1) 
On the other hand, by putting £n = a ae we shall see in part II, that 
n 
lim sup zn = +00. Thus zr, 4 < x, for infinitely many n, giving 
(S(n))? < S(n — 1)S(n +1). 
II. Limits 
1) lim inf PU =Q and lim sup Sy) zl. 
Clearly, BU > 0. Let n = 27. Then, since $(2") < 2m, and lim — = 0, we 
n moo 2m 
2m 
have lim a ) = 0, proving the first part. On the other hand, it is well known that 
S 
PAR) < 1. For n = px (the kth prime), one has S(pj) —]-1 as k — oo, proving the 
n Pk 


second part. 
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Remark. With the same proof, we can derive that lim inf 


n— Oo 





= 0 for all integers 


S(n") 


2 
As above $(2*") < 2kr, and a — 0 as k — oo (r fixed), which gives the result. 


S 1 S 1 
2) lim inf M — 0 and lim sup i = 
Let p, denote the rth prime. Since (pi ... pr, 1) = 1, Dirichlet/s theorem on arithmetical 


progressions assures the existence of a prime p of the form p = ap, ... p, — 1. Then 


S(p + 1) = S(ap...p,) < aS(m...p.) 
by S(mn) € mS(n) (see [1]). 
But S(pı... pr) = max{pı, ..., Pr} = pr. Thus 


S(ptl). ap, m Pr 
S(p) T ap...-Pr— 17 m...p.-1 








— 0 as r —> oo. 


This gives the first part. 
Let now p be a prime of the form p = bp, ...p, + 1. Then 


S(p — 1) = S(bpi... pr) < bS(p1 . . - Pr) = bp, 


and 
S(p — 1) < bp, < P 
S(p) bpi... Ppr +1 ~ Byollpe 
3) lim inf[S(n + 1) — $(n)] 2 —oo and lim [S(n + 1) — S(n)] = +00. 


n— oO m— oo 


We have 


— 0 as r —> oo. 





+1 pu 
S(p*1-S(pz*7--p- r — 


for an odd prime p (see 1) and 11)). On the other hand, 





—-1 pT 
5(p) - Sp -1)2p- =F >o 


(Here S(p) = p), where p — 1 is odd for p > 5. This finishes the proof. 


4) Let o(n) denote the sum of divisors of n. Then 
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S(p +1) a, 


This follows by the argument of 2) for n = p. Then o(p) = p + 1 and 
where {p} is the sequence constructed there. 


5) Let y(n) be the Enter totient function. Then 


lim inf Stel) 


n—> oo 


= 0. 


Let the set of primes {p} be defined as in 2). Since y(n) = p — 1 and 


S(p—1)_ 5-1) _ 
p S(p) l 


the assertion is proved. The same result could be obtained by taking n = 2*. Then, since 


iB( 2 = 2" "+ and 











k—1 E 
S(2 dta D sod ec 
9k 9k 
the assertion follows. 
6) lim potu 0 and max AA E 
n—0oo n neN 


n 
Let n = p! (p prime). Then, since S(p!) = p and S(p) = p, from E — 0 (p — oo) we 
p! 
de 








get the first result. Now, clearly Sy) Sn) < 1. By letting n = p (prime), clearly 
n n 
one has see) = 1, which shows the second relation. 
p 
7) lim inf s 1. 


Clearly, T > 1. On the other hand, for n = p (prime), 


1 
eS) Pl |a sos 








S(p) 
8) Let Q(n) denote the greatest prime power divisor of n. Then 
lads UM) = 9g 
ana Qn) 


Let n = p}... pë (k > 1, fixed). Then, clearly Q(n) = pf. 
By S(n) = S(p*) (since S(p*) > S(p*) for i < k) and S(p*) = jp,, with j € k (which 
is known) and by 


v (px) < jplpr) < k(p. = 1), 
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we get 





as r — oo (k fixed). 
2 
9) Jim 2073 <0. 
S(m?) 





m even 





1 
By 2) we have < — for m > 4, even. This clearly implies the above remark. 
m 


2 S(m? 1 2 
Bm) < — if m Æ 4 is composite. From (ir) « « 
m 3 m? m 3 


for m > 4, for the composite numbers of the perfect squares we have a very strong 








Remark. It is known that 








improvement. 
10) lim inf E = 9. 
1 “1 
By o(n) = Sod = n?j < A « n(2logn), we get o(n) « 2nlogn for n > 1. 
d/n d/n d=1 
Thus 
a(S(n)) x 2S(n)log S(n) 
n n 
4k log 2k 


For n = 2* we have S(2*) < 2k, and since 


11) lim 69 mE 


This simple relation follows by 1 € S(n) € n, sol € (/S(n) € Yn; and by (/n—1 


— 0 (k — oc), the result follows. 
9k 


as n — oo. However, 11) is one of a (few) limits, which exists for Smarandache function. 


Finally, we shall prove that: 
S 
12) Jim sup er = +00. 
We will use the facts that 














S(p!) = p, a eee | E... mI 
d|p! 
as p — oo, and the inequality o (ab) > ac(b) (see [2]). 
Thus 
c(S(p))p.. S(p)e(p) _ oe!) o. 


pS(p) ^ pm p! 
Thus, for the sequence {n} = {p!}, the results follows. 
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4 On two notes by M. Bencze 


In vol.10 of SNJ M. Bencze has published two notes on certain inequalities for the 


Smarandache function. In [2] is it proved that 


k=1 
This, in other form is exactly inequality (2) from our paper [5], and follows easily from 
Le’s inequality S(ab) € S(a) + S(b). 
In [1] it is proved that 


: (Te) «abi (2) 


k=1 


The proof follows the method of the problem from [3], i.e. 
S(m!") < mn (3) 


This appears also in [4], [5]. We note here that relation (2) is a direct consequence of 


(1) and (3), since 


Stal” sog, m) < Sql) +... + (au) < biar +... + bnan. 
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5 A note on S(n?) 


In the paper [1], it is shown that 
S(n?) € n for n > 4 and even. (1) 


In this note, we will prove that (1) holds for all n > 4, n Z prime. 
Let p be a prime. Then: 


Lemma. For n # p, 2p, 8 or 9, we have 


n?|(n — 1)! (2) 


Proof. If n Z p, 2p, p°, 8, or 16, then n can be written as n = zy (x Z y; x,y > 
3). If n X 16. then n = zy with z > 3, y È> 5. Let n ey with y > qz; x > 3. 
Now z,y,2x,2y,3x < n — 1; z,y,2y are different and one of 27,3 is different from 
x,y, 2y. Therefore, (n — 1)! contains x, y, 2y and 2x or x, y, 2y and 3x. In any case one has 
(n — 1)!|z^y? = n?. 

If n = p°, then n—1 > 4p, thus (n— 1)! contains the factors p, 2p, 3p, 4p, so (n — 1)!|p* = 
n?. For n = 2p, clearly p? does not divide (n — 1)!. For n = 8 or 9, n? does not divide 
(n — 1)!, but for n = 16, this holds true by a simple verification. 


As a corollary of (2), we can write 
S(n?) € n — 1 for n Z p, 2p, 8or 9 (3) 


Since 2p and 8 are even and S(9?) = 9, on the basis of (3), (1) holds true for n Æ p, 


n 4. 
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6 Non-Jensen convexity of S 


We shall study the inequality 


g k zi T S(x) + S(y) 





2 E 2 $ (1) 


where x, y are positive integers with the same parity, and S is the Smarandache function. 
We will prove that (1) is not generally true, but there are certain cases when this inequality 
is valid. Let x = 2a, y = 2b, where a,b > 3 are odd numbers. Then, since S(2a) = S(a), 
S(2b) = S(b), (1) is transformed into: 





S(a4- b) < 5 (2) 


where a,b > 3 are certain odd numbers. 
When a = p, b = q are odd primes, this inequality is valid. Indeed, since a + b > 4 is 
even, it is immediate that (see [1]) 


a+b ptq | S(a) + S(b) 


Lb) < 
S(a +b) € 7 7 A 








So, inequality (1) holds true for x = 2p, y = 2q, where p,q are odd primes. 

On the other hand, relation (2) is not generally true. This is the case when a,b have 
small prime factors, while a + b has a large prime factor. Take e.g. a = 3, b = 15. Then 
S(a +b) = S(18) = 6, while 


S(3) + S(15) 345 _ 


4. 
2 2 





For another example, take a = 5, b = 20. Then 


EE E E = 
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7 A note on S(n), where n is an even perfect nunber 


In a recent paper [1] the following result is proved: 

If n = 2*-1(2* — 1), 2* — 1 = prime, is an even perfect number, then S(n) = 2 — 1, 
where S(n) is the well-known Smarandache function. 

Since S(ab) = max{S(a),5(b)} for (a,b) = 1, and S(a) € a with equality for a = 1, 


4, and a — prime (see [3]), we have the following one-line proof of this result: 
S(2*-1(9* — 1)) «max(S(2* 5, S(9* — 1) =2* — 1, 


since S(2*-1) < 2571 < 2¥ — 1 for k > 2. 

On the other hand, if 2* — 1 is prime, then we have S(2^ — 1) = 1 (mod k); an 
interesting table is considered in [2]. Indeed, k must be a prime too, k = p; while Fermat’s 
little theorem gives 2?—1 2 1 (mod p). From 27»! = (2?—1)(2?+1) and (2?—1,2?--1) = 
1 we can deduce $(27?-') = max{S(2?—1), S(2?+1)} = 2?—1 since 2?+1 being composite, 
S(2? +1) < 2/3(2? +1) < X — 1 for p > 3. Thus, if 2^ — 1 is a Mersenne prime, then 
S(2* — 1) = S(2* —1) =1 (mod k). If 2? — 1 and 27? + 1 are both primes, then 


S(2*” — 1) = max(S(27 — 1), $(27 +1)} 2 27 +141 (mod 4p). 
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8 On certain generalizations of the Smarandache 
function 


1. The famous Smarandache function is defined by S(n) :2 min(k EN: nlkl},n>1 
positive integer. T'his arithmetical function is connected to the number of divisors of n, 
and other important number theoretic functions (see e.g. [6], [7], [9], [10]). A very natural 
generalization is the following one: Let f : N* — N* be an arithmetical function which 
satisfies the following property: 

(P,) For each n € N* there exists at least a k € N* such that n|f (Kk). 

Let Fp : N* — N* defined by 


Fy(n) = min{k EN: nl f(k)}. (1) 


Since every subset of natural numbers is well-ordered, the definition (1) is correct, and 
clearly Fr(n) > 1 for all n € N*. 
Examples. 1) Let id(k) = k for all k > 1. Then clearly (P1) is satisfied, and 


Faln) =n. (2) 


2) Let f(k) = k!. Then Fi(n) = S(n) - the Smarandache function. 
3) Let f(k) = pp!, where pp denotes the kth prime number. Then 


Fy(n) = min{k € N* : n|py!). (3) 


Here (P) is satisfied, as we can take for each n > 1 the least prime greater than n. 

4) Let f(k) = y(k), Euler's totient. First we prove that (Pi) is satisfied. Let n > 1 
be given. By Dirichlet's theorem on arithmetical progressions ([1]) there exists a positive 
integer a such that k = an + 1 is prime (in fact for infinitely many a’s). Then clearly 
p(k) = an, which is divisible by n. 

We shall denote this function by F;. (4) 

5) Let f(k) = o(k), the sum of divisors of k. Let k be a prime of the form an — 1, 
where n > 1 is given. Then clearly o(n) = an divisible by n. Thus (P) is satisfied. One 


obtains the arithmetical function F;. (5) 
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2. Let A C N*, A Æ Ú a nonvoid subset of N, having the property: 
(P5) For each n > 1 there exists k € A such that n|K!. 


Then the following arithmetical function may be introduced: 
S4(n) 2 min(k € A: n|k!). (6) 


Examples. 1) Let A = N*. Then Sy(n) = S(n) - the Smarandache function. 

2) Let A = N; = set of odd positive integers. Then clearly (P5) is satisfied. (7) 

3) Let A = Ns = set of even positive integers. One obtains a new Smarandache-type 
function. (8) 

4) Let A = P = set of prime numbers. Then Sp(n) = min(k € P : n|k!). We shall 
denote this function by P(n), as we will consider more closely this function. (9) 

3. Let g : N* — N* be a given arithmetical function. Suppose that g satisfies the 
following assumption: 

(P3) For each n > 1 there exists k > 1 such that g(k)|n. (10) 

Let the function G, : N* — N* be defined as follows: 


G,(n) = max{k € N* : g(k)|n}. (11) 


This is not a generalization of S(n), but for g(k) = k!, in fact one obtains a ”dual”- 
function of S(n), namely 


Gi(n) = max(k € N* : k!\n}. (12) 


Let us denote this function by S.(n). 

There are many other particular cases, but we stop here, and study in more detail 
some of the above stated functions. 

4. The function P(n) 

This has been defined in (9) by: the least prime p such that n|p!. Some values are: 
PU a), PQ) = 2 POS PM 9-0 95,P0)sg, PU) eU PS): SO, 
P(9) 2 7, P(10) = 5, P(11) 2 11,... 

Proposition 1. For each prime p one has P(p) — p, and if n is squarefree, then 


P(n) = greatest prime divisor of n. 
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Proof. Since p|p! and p 1 q! with q < p, clearly P(p) = p. If n = pipa... p, is squarefree, 
with pi,...,p. distinct primes, if p, = max{pi,...,p,}, then pi... p,|p,!. On the other 
hand, p,...p, 1 q! for q < p,, since p, 1 q!. Thus p, is the least prime with the required 
property. 

The calculation of P(p?) is not so simple but we can state the following result: 

Proposition 2. One has the inequality P(p?) > 2p + 1. If 2p + 1 = q is prime, then 
P(p?) = q. More generally, P(p”) > mp +1 for all primes p and all integers m. There is 
equality, if mp 4- 1 is prime. 

Proof. From p?|(1-2... p)(p--1) ... (2p) we have p?|(2p)!. Thus P(p?) > 2p+1. One has 
equality, if 2p -- 1 is prime. By writing p"|1-2...p(p-4- 1)...2p...|(m — 1)p + 1]... mp, 
where each group of p consecutive terms contains a member divisible by p, one obtains 
P(p") > mp +1. 

Remark. If 2p + 1 is not a prime, then clearly P(p?) > 2p 4- 3. 

It is not known if there exist infinitely many primes p such that 2p + 1 is prime too 
(see [4]). 


Proposition 3. The following double inequality is true: 
2p +1< P(p)X3p-1 (13) 
mp +1< Pp") <(m+1)p-1 (14) 


if p > po. 

Proof. We use the known fact from the prime number theory ([1], [8]) tha for all a > 2 
there exists at least a prime between 2a and 3a. Thus between 2p and 3p there is at least 
a prime, implying P(p?) < 3p — 1. On the same lines, for sufficiently large p, there is a 
prime between mp and (m -- 1)p. This gives the inequality (14). 


Proposition 4. For all n, m > 1 one has: 


and 


P(nm) < 2|P(n) + P(m)] - 1 (16) 
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where S(n) is the Smarandache function. 

Proof. The left side of (15) is a consequence of definitions of S(n) and P(n), while the 
right-hand side follows from Chebyshev’s theorem on the existence of a prime between a 
and 2a (where a = S(n), when 2a is not a prime). 

For the right side of (16) we use the inequality S(mn) < S(n) + S(m) (see [5]): 
P(nm) € 2S(nm) — 1 € 2[S(n) + S(m)] — 1 € 2[P(n) + P(m)] — 1, by (15). 

Corollary. 

lim Pon) e T. (17) 


This is an easy consequence of (15) and the fact that lim V S(n) = 1. (For other 
limits, see [6]). 

5. The function S,(n) 

As we have seen in (12), S,(n) is in certain sense a dual of S(n), and clearly 


(S. (n))!In|(S(n))! which implies 











1 € s(n) € S(n) <n (18) 
thus, as a consequence, 
; S. (n) 
l ^ =i 19 
EENT (19) 
On the other hand, from known properties of S it follows that 
Sy S, 
lim inf © a =0, limsup = a e (20) 


For odd values n, we clearly have S,(n) = 1. 


Proposition 5. For n > 3 one has 
S,(n! 4-2) 22 (21) 
and more generally, if p is a prime, then for n > p we have 
S,(n! + (p— 1)) 2p- 1. (22) 


Proof. (21) is true, since 2|(n! + 2) and if one assumes that k!|(n! 4- 2) with k > 3, 


then 3|(n! + 2), impossible, since for n > 3, 3|n!. So k € 2, and remains k = 2. 
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For the general case, let us remark that if n > k + 1, then, since k|(n! + k!), we have 
S, (n! +k!) > k. 

On the other hand, if for some s > k +1 we have s!|(n! + k!), by k 4- 1 € n we get 
(Kk + 1)|(n! + k!) yielding (k + 1)|k!, since (k + 1)|n!. So, if (k + 1)|k! is not true, then we 
have 


S, (n! + k!) = k. (23) 


Particularly, for k = p — 1 (p prime) we have p { (p — 1)!. 
Corollary. For infinitely many m one has S,(m) = p — 1, where p is a given prime. 


Proposition 6. For all k,m > 1 we have 
S,.(kIm) > k (24) 


and for all a,b > 1, 
S,(ab) > max{S,(a), S.(b)). (25) 


Proof. (24) trivially follows from k!|(k!m), while (25) is a consequence of (S,(a))!|a => 
(S.(a))!|(ab) so S,(ab) > S.(a). This is true if a is replaced by b, so (25) follows. 
Proposition 7. S,[r(r — 1)...(r— a+ 1)| >a for all x > a (x positive integer).(26) 
Proof. This is a consequence of the known fact that the product of a consecutive 
integers is divisible by a!. 
We now investigate certain properties of S,(a!b!). By (24) or (25) we have S, (a!b!) > 
max{a, b}. If the equation 
alb! = c! (27) 


is solvable, then clearly S,(a!b!) = c. For example, since 3!-5! = 6!, we have S,(3!-5!) = 6 
The equation (27) has a trivial solution c = k!, a = k!—1,b =k. Thus S,(k!(k!—1)!) =k. 
In general, the nontrivial solutions of (27) are not known (see e.g. [3], |1]). 
We now prove: 
Proposition 8. S,,((2k)!(2k + 2)!) = 2k + 2, if 2k + 3 is a prime; (28) 
5, ((2k)!(2k + 2)!) > 2k + 4, if 2k + 3 is not a prime. (29) 
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Proof. If 2k + 3 = p is a prime, (28) is obvious, since (2k + 2)!|(2k)!(2k + 2)!, but 
(2k + 3)! 4 (2k)!(2k + 2)!. We shall prove first that if 2k + 3 is not prime, then 


(2k + 3)|(1-2... (2k)) (x) 


Indeed, let 2k + 3 = ab, with a,b > 3 odd numbers. If a < b, then a < k, and 
from 2k + 3 > 3b we have b < T +1 < k. So (2k)! is divisible by ab, since a,b are 
distinct numbers between 1 and k. If a = b, i.e. 2k +3 = a’, then (*) is equivalent with 
a?|(1-2...a)(a + 1)... (a? — 3). We show that there is a positive integer k such that 
a+1 < ka < a? — 3 or. Indeed, a(a — 3) = a? — 3a < a? — 3 for a > 3 and a(a—3) >a+1 


by a? > 4a + 1, valid for a > 5. For a = 3 we can verifiy (*) directly. Now (*) gives 
(2k + 3)!|(2k)! (2k + 2)!, if 2k +3 F prime (sex) 


implying inequality (29). 
For consecutive odd numbers, the product of factorials gives for certain values 
S491 «51 56... 9:01 75 — 8, S(7!-9!) = 10, 
S,(9!- 11!) 212, S,(11!-13 216, S,(13!- 15!) 2 16, S,(15!- 171) = 18, 
3,(17!-19!) 222, S,(19!.21) 2 22, S,(21!- 23!) = 28. 

The following conjecture arises: 

Conjecture. S,((2k — 1)! (2k + 1)!) = qk — 1, where qx is the first prime following 
ahd. 

Corollary. From (qp — 1)!|(2k — 1)!(2k + 1)! it follows that q, > 2k +1. On the other 
hand, by (2k — 1)!(2k + 1)!|(4k)!, we get qx < 4k — 3. Thus between 2k + 1 and 4k + 2 
there is at least a prime q;. This means that the above conjecture, if true, is stronger than 
Bertrand's postulate (Chebyshev’s theorem [1], [8]). 

6. Finally, we make some remarks on the functions defined by (4), (5), other functions 
of this type, and certain other generalizations and analogous functions for further study, 


related to the Smarandache function. 


First, consider the function F of (4), defined by 
F, =min{k € N* : n|o(k)). 
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First observe that if n + 1 = prime, then n = y(n + 1), so F,(n) =n + 1. Thus 
n+1= prime > F,(n)=n+1. (30) 
This is somewhat converse to the y-function property 
n+1= prime > y(n+1)=n. 


Proposition 9. Let ¢, be the nth cyclotomic polynomial. Then for each a > 2 
(integer) one has 


Fon) € nla) for all n. (31) 


Proof. The cyclotomic polynomial is the irreducible polynomial of grade y(n) with 
integer coefficients with the primitive roots of order n as zeros. It is known (see [2]) the 
following property: 

n|e(ós(a)) for all n > 1, all a > 2. (32) 


The definition of F, gives immediately inequality (31). 

Remark. We note that there exist in the literature a number of congruence properties 
of the function q. E.g. it is known that n|y(a" — 1) for all n > 1, a > 2. But this is a 
consequence of (32), since ó,(a)|a^ — 1, and ulv = y(u)|y(v) implies (known property 
of y) what we have stated. 

The most famous congruence property of o is the following 

Conjecture. (D.H. Lehmer (see |4])) If y(n)|(m — 1), then n = prime. 

Another congruence property of y is contained in Euler's theorem: m|(a?” — 1) for 


(a, m) = 1. In fact this implies 
S,|a*") — 1] > m for (a, m!) 21 (33) 
and by the same procedure, 
S, (v (a"* — 1)] > n for all n. (34) 
As a corollary of (34) we can state that 
lim sup S,[y(k)] = +00. (35) 


k—oo 
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(It is sufficient to take k = a" — 1 — oo as n — oo). 
7. In a completely similar way one can define Fy(n) = min{k : n|d(k)}, where d(k) is 


the number of distinct divisors of k. Since d(2”~') = n, one has 


Fa(n) € 277. (36) 


Let now n = pt! 


dache ([9]) proved that S(n) = max{S(pf"),...,S(pe7)}. 


.. p% be the canonical factorization of the number n. Then Smaran- 


In the analogous way, we may define the functions S,(n) = max{y(p{'),..-, e(per)}, 
S,(n) = max{a(p}"),...,0(pr")}, etc. 
But we can define $2(n) = min{p(p"), ..., e(pr") }, S (n) = min{y(p7"),-.-,e(PF")}, 


etc. For an arithmetical function f one can define 


Aj(n) = Lem. fr), f(pz7)) 
and 
ój(n) = g.c.d.{f(pt"),..., f(p?7))- 


For the function A,(n) the following divisibility property is known (see [8], p.140, 
Problem 6). 
If (a, n) — 1, then 
n|[a^*€? — 1]. (37) 


These functions and many related others may be studied in the near (or further) 
future. 
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9 On an inequality for the Smarandache function 


1. In paper [2] the author proved among others the inequality S(ab) < aS(b) for all 


a,b positive integers. This was refined to 
S(ab) € S(a) + S(b) (1) 


in [1]. Our aim is to show that certain results from our recent paper [3] can be obtained 
in a simpler way from a generalization of relation (1). On the other hand, by the method 


of Le [1] we can deduce similar, more complicated inequalities of type (1). 


2. By mathematical induction we have from (1) immediately: 


$(a1a5...a4) € S(a1) + Sla) +... + Slan) (2) 
for all integers a; > 1 (i — 1,...,n). When a4 =... =a, = n we obtain 
S(a") € nS(a). (3) 


For three applications of this inequality, remark that 
S((m!") < nS(m!) = nm (4) 
since S(m!) = m. This is inequality 3) part 1. from [3]. By the same way, S((n!)"-?') < 
(n — 1)!S(n!) = (n — 1)!In = n!, i.e. 
S((nt)"?) < n! (5) 


Inequality (5) has been obtained in [3] by other arguments (see 4) part 1.). 
Finally, by S(n?) < 2S(n) < n for n even (see [3], inequality 1), n > 4, we have 


obtained a refinement of S(n?) € n: 


S(n?) x 2S(n) <n (6) 


for n > 4, even. 


3. Let m be a divisor of n, i.e. n = km. Then (1) gives S(n) = S(km) € S(m) + S(k), 


so we obtain: 
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If mjn, then 


n 
= < S. 
S(n) — S(m) € S (=) (7) 
As an application of (7), let d(n) be the number of divisors of n. Since I] k = nt? 
k|n 


and I] k =n! (see [3]), and by I] k| I] k, from (7) we can deduce that 


k<n kn k<n 
S(nt/?) + Sn! /n9(/2) >n. (8) 
This improves our relation (10) from [3]. 


4. Let S(a) = u, S(b) = v. Then bjv! and u!|x(x—1) ... (z—u--1) for all integers x > u. 
But from alu! we have a|z(r —1)...(a — u + 1) for alla > u. Let r =u+v+k (k>1). 
Then, clearly ab(v+1)...(v+k)|(u+u+k)!, so we have S|ab(v-- 1) ... (v--k)] € ua v4 k. 
Here v — S(b), so we have obtained that 


S[ab(S(b) + 1)... (S(b) + k)] < S(a) + S(b) + k. (9) 

For example, for k = 1 one has 
S{ab(S(b) + 1)] € S(a) + S(b) +1. (10) 
This is not a consequence of (2) for n = 3, since S[S(b) + 1] may be much larger than 1. 
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10 The Smarandache function of a set 


1. In paper [1] we have introduced certain generalizations and duals of Smarandache 
function. We have considered also the following extension. Let A be a set of positive 
integers (i.e. A C N*), A # (), having the following property: for each n > 1 there exists 
at least a k € A such that n|k!. Let 


S4(n) 2 min(k € A: n|k!) (1) 


For example, if A = N*, Sy(n) = S(n) the Smarandache function. When A = P = set 
of prime numbers, we obtain a new arithmetic function, denoted by us by P(n) — least 
prime p such that n|p!. This function was not studied by Erdós (as is mentioned in |3]), 
and coincides for squarefree n with the usual function of the greatest prime factor of n 
(called by Sabin Tabárcá as " Erdós function"). 


In paper [1] we have considered certain properties of this function, e.g. 


2p 1X P(p) €3p- 1 (2) 
mp+1< P(p”)<(m+1)p—1, pz po (p prime, m > 1) (3) 
S(n) € P(n) € 25(n) - 1 (4) 
and 
P(m) € 2[P(n) + PíÍm] - 1, n,m-12,... (5) 


The aim of this note is to introduce other functions of this type, i.e. other particular 
cases of (1). 

2. First let A = {k? : k € N*} = sequence of squares. Let us denote the function 
obtained from (1) by 

Q(n) = min(m? : m|(m?)!} (6) 

e.g. Q(1) = 1, Q(2) = 4, Q(5) = 9, Q(6) = 4, Q(11) = 16, Q(12) = 4, etc. We have the 
followinf remarks. 

Proposition 1. Let p be prime such that m? < p < (m+1)*. Then Q(p) = (m +1}. 
Indeed, p|[(m + 1)?]V, but p f (n2)! for any n € m. 
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Remark. It is a difficult open problem the existence of a prime between two consec- 
utive squares (for all m > 1), see [2]. By using the "integer part” function (which is only 
a notation, and is not a simple function!), certain values of Q can be expressed. E.g. 


Proposition 2. 





Q(p) = (Lp] +1)? (7) 
Q’) = ([/2p] + 1)? for p > 3 (8) 
Q’) = ([v3p + 1? for p > 5 (9) 
Q(v") = ((/kp + 1? for p k (10) 


Proof. We give the proof of (9), the other are similar. 
p|1-2-3-...-2p-...- m? is true with the least m if 3p < m?, p > 3. Then m > \/3p 
and the least integer with this property, is clearly | /3p| + 1. 


Proposition 3. /f p « q are primes, then 


Q(pa) = ([va] + 1)? (11) 


Proof. pq|1-2-3-...-p-...-q-...-m?, so m? > q, giving m > [vq] +1. 
Proposition 4. /f p < q < 2p, then 


Q(p*q) = ((/2p] + 1)”. (12) 
If q > 2p, then 
Qa) = ([va] + 1) (13) 


Proof. Indeed, 1-2-3....-p....- 2p... qc... m20r 1-2-3.. p qn 2p m 
are the possible cases, and proceed as above, For pq? (p < q) the things are simpler: 


Proposition 5. If p < q are primes, then 


Q(r^a) = ([/2q] + 1)? (14) 
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Indeed, 1-2-3+...:p+...:q-+...:2p-...+m? is divisible by pq? and the least m is 
[\/2q] + 1. The following result gives a connection with the Smarandache function S. 
Proposition 6. If S(n) is a square, then Q(n) = S(n). If S(n) is not a square, then 


Q(n) = ([VS(n)] + 1)? 


Proof. Clearly n|1-2-...-S(n) with the least S(n), so if S(n) = m?, then Q(n) = m?. 
Otherwise, Q(n) is the least square > S(n), which is given by (15). 

3. Let now A = set of squarefree numbers. A number m is called squarefree if doesn’t 
have square divisors. Therefore m > 1 must be prime or product of distinct primes. Let 


Q1 be the Smarandache function of the squarefree numbers, i.e. 
Qj(n) = least squarefree m such that n|m! (15) 


Clearly Qi(p) = p for prime p, Qi(n) = P(n) for n = squarefree. More precisely, 

Proposition 7. Let n = pipa... p, with py < po < ... < pr. Then Q,(n) = pr. 

Proposition 8. Qi(p?) = 2p for p > 2, Qi(p?) = 3p for p > 3, Qi(p*) = kp for p > k, 
Qi(p^q) = q for 2p < q, Qi(y?q) = q for q < 2p, Qi(p^q?) = 2q in all cases (p < q); 
Qi(pq?) = 2q for p <q. 

Proof. We prove only Q,(p?q?) = 2q. The number 1-2-3-...-2p-...: q-...-2qis 
divisible by p?g?, and the same is true for 1-2-3-...- p-...- q-...- 2p: ...- 2q. 

Proposition 9. If S(n) is squarefree, then Qi(n) = S(n), otherwise Qi(n) is the least 
squarefree mumbers which is greatest than S(n). 

Proof. S(n) is least with n|1-2-3-...- S(n) and the result follows. 

Proposition 10. Qi(n) > S(n) for all n, and if n > 2, then Qi(n) € 2S(n). 

Proof. Qi(n) > S(n) follows from Proposition 9. Now, if n > 2, then S(n) > 2, and 
it is known by Chebysheff theorem the existence of a prime p between S(n) and 25(n). 
But p is squarefree, so the result follows. 


Corollary. (/Qi(n) — 1 as n — ov. 


154 


Bibliography 


1. J. Sandor, On certain generalization of the Smarandache function, Notes Numb. 


Theory Discr. Math. (Bulgaria), 5(1999), no.2, 41-51. 
2. R.K. Guy, Unsolved problems of number theory, 2% edition, Springer Verlag, 1944. 


3. M. Bencze, About perfect k powers of positive integers, Octogon Mathematical 


Magazine, vol.8, no.1, 2000, 119-126 (see p.125). 


155 


11 On the Pseudo-Smarandache function 
Kashihara [2] defined the Pseudo-Smarandache function Z by 
Z(n) = in {1m Erw 


Properties of this function have been studied in [1], [2] etc. 
1. By answering a question by C.Ashbacher, Maohua Le ([6]) proved that S(Z(n)) — 
Z(S(n)) changes signs infinitely often. Put 


Asz(n) = |S(Z(n)) = Z(S(s))]. 


We will prove first that 


liminf Agz(n) € 1 (1) 
and 
lim sup Ag z(n) = +00. (2) 


p(p+1 





Indeed, let n = , where p is an odd prime. Then it is not difficult to see that 


S(n) = p and Z(n) = p. Therefore, 


IS(Z(n)) = Z(S(n))| = |S(p) — Z(p)| 


Ip-(p-1) =1 


implying (1). We note that if the equation S(Z(n)) = Z(S(n)) has infinitely many solu- 


tions, then clearly the lim inf in (1) is 0, otherwise is 1, since 
IS(Z(n)) — Z(S(n))] 2 1, 


S(Z(n)) — Z(S(n)) being an integer. 


Now let n = p be an odd prime. Then, since Z(p) = p — 1, S(p) = p and S(p — 1) € 
pl 
2 





(see |4]) we get 


—1 
Asz(p) = |S(p - 1) - (p - D| - p 1— S(p- 1) z H > oo as p > œ 


proving (2). Functions of type Ay, have been studied recently by the author [5] (see also 
[3]). 
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2n — 1)2 
m clearly Z(n) < 2n — 1 for all n. 


This inequality is best possible for even n, since Z(2^) = 2**! — 1. We note that for 


2. Since n| 


odd n, we have Z(n) € n — 1, and this is the best possible for odd n, since Z(p) = p — 1 














Z 1 Zo 1 
for prime p. py eg ciu Cp = 2 — — we get 
n n gk 2k 
lim sup (n) =) (3) 
n-—oo TV 
1 
Since Z (2e z ) — p, and RESTI (p — oc), it follows 
p(p + 1)/2 
Z 
lante og (4) 
T,—00 TV 





1 
For Z(Z(n)), the following can be proved. By Z (z (e 3) — p — 1, clearly 


lim inf 
n—00 TU 


On the other hand, by Z(Z(n)) € 2Z(n) — 1 and (3), we have 


lim sup ZU) <4. (6) 
poa n 
3. We now prove 
lim inf |Z(2n) — Z(n)| 2 0 (7) 
and 
lim sup |Z(2n) — Z(n)| = +00. (8) 


Indeed, in [1] it was proved that Z(2p) = p — 1 for a prime p = 1 (mod 4). Since 
Z(p) =p — 1, this proves relation (7). 
On the other hand, let n = 2*. Since Z(2*) = 2**! — 1 and Z(2**1) = 2**? — 1, clearly 


Z(2**) — Z(2*) = 2**! 5 oo ask — oo. 
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12 On certain inequalities for Z(n) 


We have to determine the best a,b > 0, such that: ([1]) 
| 1 1 | 1 1 
ei sto tem « TOREN = 
( 2n 7 3) < zm <0( 2n i) (1) 


Zn) - min [5 : ke N, SEES (2) 


where 


2 
(see [3]). 
We will prove that a = 1 is the best constant, while doesn't exist. Clearly 
Z(n)Z(n)--1) . Z(n)(Z(n) + 1) 
2 ' 2 


n| 





> n. Resolving this inequality, easily follows: 


Z()z-P4 mai (3) 


This inequality cannot be improved, since for infinitely many n there is equality. 
p(p + 1) 
2 





Indeed, put n — , where p is a prime. Then Z(n) — p and 


1 [p@t] 1 1 1 
era ee Hl al (+3 








2 4 2 
On the other hand, we have recently proved ([2]) that: 


Z(n) 





lim sup 


n— Oo 


x (4) 


Therefore lim sup, 4, = +00, so the right side of (1) cannot be true for suf- 


Z(n) 
n 

ficiently large n. In fact, we note that an upper inequalities for Z(n) is (which is best 

possible). 

n, for n odd 


< (5) 


2n — 1, for n even 


Z(n) 


(n+ 1) 


2n — 1)2 
Indeed, for n odd n|- (2n = 1)2n 


and for all n, n| , while Z(p) = p for a prime 


p, 
ZOVS 2+1 -1 =2.2—1 (ken). 


Therefore for n = prime and n = 2* there is equality in (5). 
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13 Ona dual of the Pseudo-Smarandache function 


Introduction 


In paper [3] we have defined certain generalizations and extensions of the Smaran- 
dache function. Let f : N* — N* be an arithmetic function with the following property: 


for each n € N* there exists at least a k € N* such that n|f(k). Let 
Fy : N* — N* defined by Fj(n) = min(k € N* : n|f(k)]. (1) 


This function generalizes many particular functions. For f(k) = k! one gets the 


k 1 
HE ED one has the Pseudo-Smarandache func- 


Smarandache function, while for f(k) — 
tion Z (see [1], [4-5]). In the above paper [3] we have defined also dual arithmetic functions 
as follows: Let g : N* — N* be a function having the property that for each n > 1 there 


exists at least a k > 1 such that g(k)|n. 


Let 
G,(n) = max{k € N* : g(k)|n}. (2) 
For g(k) = k! we obtain a dual of the Smarandache function. This particular function, 
k(k 4-1 
denoted by us as S, has been studied in the above paper. By putting g(k) — HE ED 


one obtains a dual of the Pseudo-Smarandache function. Let us denote this function, 
by analogy by Z,. Our aim is to study certain elementary properties of this arithmetic 


function. 


The dual of yhe Pseudo-Smarandache function 


Let 


Z.(n) - madmen: TEED n), 


2 
Recall that 


First remark that 


2. 1 
where p is an arbitrary prime. Indeed, ae 3|3 but saa for p Æ 3 is possible 
only for m — 1. More generally, let s > 1 be an integer, and p a prime. Then: 


Proposition 1. 


: 2, p—à3 
Z.(p°) = (6) 
1, p#3 
m(m + 1) "T : 
Proof. Let ——-— — |p?. If m = 2M then M(2M + 1)|p? is impossible for M > 1 


since M and 2M + 1 are relatively prime. For M = 1 one has m = 2 and 3|p? only if 
p = 3. For m = 2M — 1 we get (2M — 1) M |p", where for M > 1 we have (M,2M —1) 21 
as above, while for M — 1 we have m — 1. 

The function Z, can take large values too, since remark that for e.g. n = 0(mod6) we 
have - = 6|n, so Z,(n) > 3. More generally, let a be a given positive integer and n 


selected such that n = 0(moda(2a + 1)). Then 


Z,(n) > 2a. (7) 


2a(2 1 
Indeed, Peto) = a(2a + 1)|n implies Z,(n) > 2a. 
A similar situation is in 


Proposition 2. Let q be a prime such that p — 2q — 1 is a prime, too. Then 


Z.(pq) = p. (8) 


1 
Proof. mp) = pq so clearly Z.(pq) = p. 


Remark. Examples are Z,(5-3) = 5, Z,(13- 7) = 13, etc. It is a difficult open problem 
that for infinitely many q, the number p is prime, too (see e.g. [2]). 


Proposition 3. For all n > 1 one has 


1 € Z,(n) € Z(n). (9) 


m(m + Di [ES 1) 
gn Mrd 
If m > k then clearly m(m + 1) > k(k + 1), a contradiction. 


, therefore m(m4- 1) | k(Kk4- 1). 





Proof. By (3) and (4) we can write 


Corollary. One has the following limits: 


— 1. (10) 








Proof. Put n = p (prime) in the first relation. The first result follows by (6) for s = 1 
a(a + 1) Z,(n) 
and the well-known fact that Z(p) = p. Then put n = ———, when 


—— =1 l 
TN Z(n) and let 


a> oo. 


As we have seen, 


Ce) (2) = 





1 1 
Indeed, aa ) | Ht ) is true for k = a and is not true for any k < a. In the same 





m(m + 1) [ee +1) 
2 2 
problem arises: What are the solutions of the equation Z(n) = Z,(n)? 


manner, is valied for m = a but not for any m > a. The following 


Proposition 4. All solutions of equation Z(n) = Z,(n) can be written in the form 


n= a 1) (r € N*). 





t(t + 1) 








t(t --1 
Proof. Let Z.(n) = Z(n) = t. Then n| ; Mn So 
v8n-T1—1 


=n. This gives t? +t — 








2n = 0 or (2t + 1)? = 8n + 1, implying t = E — 3 where 8n + 1 = m?. Here m 
—1 1 —1 
must be odd, let m = 2r + 1, so n = eet st) and t = T. Then m — 1 = 2r, 
1 
m+1=2(r+1) and n= Ut ) 


Proposition 5. One has the following limits: 


lim /Z,(n) = lim YZ(n) — 1. (11) 


"00 n— oo 


Proof. It is known that Z(n) < 2n — 1 with equality only for n = 2* (see e.g. [5]). 


Therefore, from (9) we have 





1< YZ,(n) € VZ(n) € V2n — 1, 


and by taking n — oo since 4/2n — 1 — 1, the above simple result follows. 

As we have seen in (9), upper bounds for Z(n) give also upper bounds for Z, (n). E.g. 
for n = odd, since Z(n) € n — 1, we get also Z,(n) € n — 1. However, this upper bound 
is too large. The optimal one is given by: 


Proposition 6. 
v8n+1-1 


PN CO < 5 


for all n. (12) 
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1 1 
Proof. The definition (3) implies with Z.(n) = m that min ) |n, so a ) <n, 
i.e. m? +m — 2n < 0. Resolving this inequality in the unknown m, easily follows (12). 
1 
Inequality (12) cannot be improved since for n — rp (thus for infinitely many n) 


we have equality. Indeed, 


I) f — (VP+ 1) 41-1) 2 - (p 1) 21/2 — p. 


Corollary. 


Zy EEA 
lim 2:9 0, Em (n) 


us WP E MR UU 
Proof. While the first limit is trivial (e.g. for n — prime), the second one is a 
1 1 
consequence of (12). Indeed, (12) implies Z,(n)/y/n < v2 (es Cram Js) i.e. 
— ZA. 1 
= Z0) MOD aem 
noo n 


Similar and other relations on the functions S and Z can be found in [4-5]. 


=, (13) 











< V2. But this upper limit is exact for n = 





An inequality connecting S.(ab) with S,(a) and S,(b) appears in [3]. A similar result 
holds for the functions Z and Z,. 


Proposition 7. For all a,b > 1 one has 


Z,(ab) > max{Z,(a), Z.(b)), (14) 
Z(ab) > max{Z(a), Z(b)) 2 max(Z.(a), Z.(b)). (15) 
mim +1) mm +1) 


Proof. If m = Z,(a), then |a. Since a|ab for all b > 1, clearly 2 lab, 


implying 7,(ab) > m = Z,(a). In the same manner, Z.(ab) > Z,(b), giving (14). 
1 
Let now k = Z(ab). Then, by (4) we can write eee) 


2 
k+1 
TETU, implying Z(a) < k = Z(ab). Analogously, Z (b) < Z(ab), which via (9) gives 


. By alab it results 


Corollary. Z,(3*- p) > 2 for any integer s > 1 and any prime p. (16) 
Indeed, by (14), Z.(3* - p) > max(Z.(3*), Z(p)) = max{2, 1} = 2, by (6). 
We now consider two irrational series. 


Za A (-1)""1Z, 
Proposition 8. The series J m ) and 1 REIS SIM are irrational. 
n! n! 
n=1 n=1 
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Proof. For the first series we apply the following irrationality criterion (|6]). Let (vn) 
be a sequence of nonnegative integers such that 

(i) v,, < n for all large n; 

(ii) v, < n — 1 for infinitely many n; 

(iii) v, > 0 for infinitely many n. 


oo 
Un. . . 
Then J ar is irrational. 
n! 
n=1 


Let v, = Z,(n). Then, by (12) Z.(n) < n — 1 follows from n—1 


v8n+1-1 z 
2 ? 
i.e. (after some elementary fact, which we omit here) n > 3. Since Z,(n) > 1, conditions 
(i)-(iii) are trivially satisfied. 
For the second series we will apply a criterion from [7]: 
Let (aj), (b) be sequences of positive integers such that 


(i) k|a1a2 . .. a4; 





= b 
(ii) Det < by < ay (k > ko). Then cp" s is irrational. 
Qk4+1 Nc 0102 ...Q0k 
Z(k+1 
Let a, = k, by = Z,(k). Then (i) is trivial, while (ii) is ane" Log he). < k. 


Here Z,(k) < k for k > 2. Further Z,(k + 1) < (k +1)Z,(k) follows by 1 € Z,(k) and 
Z.(k+1) « k 1. 
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14 On Certain Arithmetic Functions 


In the recent book [1] there appear certain arithmetic functions which are similar to 
the Smarandache function. In a recent paper [2] we have considered certain generalization 
or duals of the Smarandache function S(n). In this note we wish to point out that the 
arithmetic functions introduced in [1] all are particular cases of our function Fp, defined 
in the following manner (see [2] or [3]). 

Let f : N* — N* be an arithmetical function which satisfies the following property: 

(P,) For each n € N* there exists at least a k € N* such that n|f (Kk). 

Let Fp : N* — Nx defined by 


F;(n) = min(k € N* : n|f(k)) (1) 


In Problem 6 of [1] it is defined the "ceil function of t-th order" by S,(n) = min(k : 


n|k'). Clearly here one can select f(m) = mt (m = 1,2,...), where t > 1 is fixed. 

m(m + 1) 
2 

Smarandache" function of Problem 7. The Smarandache "double-factorial" function 


Property (Pi) is satisfied with k = n'. For f(m) = , one obtains the ” Pseudo- 


SDF (n) = min(k : n|k!!} 


where 


1-3-5...k if k is odd 
2-2-6...k if kis even 


k!! = 


of Problem 9 [1] is the particular case f(m) = m!!. The ” power function” of Definition 24, 
i.e. SP(n) = min(k : n|k^) is the case of f(k) = k*. We note that the Definitions 39 and 
40 give the particular case of S, for t = 2 and t = 3. 

In our paper we have introduced also the following "dual" of Fp. Let g : N* — Nx be 
a given arithmetical function, which satisfies the following assumption: 

(P3) For each n > 1 there exists k > 1 such that g(k)|n. 

Let G, : N* — N* defined by 


G,(n) = max{k € N* : g(k)|n}. (2) 
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k(k +1) 
2 
so we can define the following duals of the above considered functions: 


Since kt|n, k!!|n, k"|n, [n all are verified for k = 1, property (P3) is satisfied, 


S* (n) = max{k : kn}: 


SDF*(n) = max{k : k!!|n}; 
SP*(n) = max(k : k*|n}; 


Z*(n) = max fp: ED). 


2 
These functions are particular cases of (2), and they could deserve a further study, as 
well. 
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15 On a new Smarandache type function 
Let CF = a denote a binomial coefficient, i.e. 


or Maat)... (n-k+1) _ n! 
gv 1-2...k — Ri(n — k) 





i frli<k<n. 
Clearly, n|C} and n|C”~' = C}. Let us define the following arithmetic function: 
C(n) = max(k: 1 X k «n— 1, n|C*) (1) 


Clearly, this function is well-defined and C(n) > 1. We have supposed k < n — 1, 
otherwise on the basis of C?! = C1 = n, clearly we would have C(n) = n — 1. 
By a well-known result on primes, p|C; for all primes p and 1 € k € p-— 1. 
Thus we get: 
C(p) = p — 2 for primes p > 3. (2) 


Obviously, C(2) = 1 and C(1) = 1. We note that the above result on primes is usually 
used in the inductive proof of Fermat's "little" theorem. 

This result can be extended as follows: 

Lemma. For (k,n) = 1, one has n|C*. 

Proof. Let us remark that 


pon AD ne RD) n aai 
ee (k — 1)! poU (3) 





thus, the following identity is valid: 
kC* = nok! (4) 


This gives n|kC*, and as (n, k) = 1, the result follows. 

Theorem. C(n) is the greatest totient of n which is less than or equal to n — 2. 

Proof. A totient of n is a number k such that (k,n) = 1. From the lemma and the 
definition of C(n), the result follows. 

Remarks. 1) Since (n — 2,n) — (2,n) — 1 for odd n, the theorem implies that 
C(n) = n — 2 for n > 3 and odd. Thus the real difficulty in calculating C(n) is for n an 


even number. 
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2) The above lemma and Newton’s binomial theorem give an extension of Fermat’s 
divisibility theorem p|(a? — a) for primes p ([3]). 
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16 On an additive analogue of the function 5 
The function S, and its dual S, are defined by 
S(n) = min(m EN: n|m!]; 


S,(n)— max(m EN: m!|n} (see e.g. [1]) 


We now define the following "additive analogue", which is defined on a subset of real 


numbers. 
Let 
S(z)=min{meN: z € m! «x € (1,00) (1) 
as well as, its dual 
S,(z) =max{meEN: m! xx), «x €[1,). (2) 


Clearly, S(x) = m if x € ((m — 1)!, m!] for m > 2 (for m = 1 it is not defined, as 
0! = 1! = 19), therefore this function is defined for x > 1. 

In the same manner, S,(z) = m if x € [m!, (m + 1)) for m > 1, ie. $,:[1,00) — N 
(while S : (1,00) — N). 


It is immediate that 


S) = S,(r)--1, if ce (kl (kK+1)!) (ko 1) (3) 
S(x), if vx —(k-1) (k > 1) 

Therefore, S,(z) +1 > S(x) > S.(x), and it will be sufficient to study the function 
S, (x). 

The following simple properties of S, are immediate: 

1° S, is surjective and an increasing function 

2° S, is continuous for all x € [1,00)\A, where A = {k!, k > 2}, and since 2m S(x) = 
k — 1, Jim S(x) =k (k > 2), S, is continuous from the right in z = k! (k > 2), but it is 


not continuous from the left. 
S (£) — S, (k!) 
x—k! 





3° S, is differentiable on (1,00) \ A, and since iin = 0, it has a right- 


derivative in AU {1}. 
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4° S, is Riemann integrable in [a,b] C R for all a < b. 


a) If [a,b] C [k!, (k + 1)!) (k > 1), then clearly 
b 
f S,(x)dxz = k(b — a) (4) 
b) On the other hand, since 


l! (k+1)! (k+2)! (k+l—k)! 
I z | " f da, od f 
k! k! (k+1)! (k+l—k-1)! 


(where | > k are positive integers), and by 


[ $e Henri (5) 


! 


we get 








f Sis Pee eye esse ee CR Pe (6) 


! 


c) Now, if a € [k!, (k + 1)!], b € [Ut (+ 1))), by 


b (k+1)! i! k 
per wow 
a a (k+1)! i! 


and (4), (5), (6), we get: 


[sou =k[(k+1)!—a] + (k - 1*(k 4- 1)! - ... 9 


Hk 4-1 (L— k — 2)? [k 4- 1 - (L— k — 2)!] - L(b — 0) (7) 


We now prove the following 
Theorem 1. 


log x 


Sele) 


Proof. We need the following 





N — 8 
log log x RAD (8) 


T ; 
Lemma. Let £n > 0, y, > 0, — — a > 0 (finite) as n — oo, where £n, Yn — oo 
Yn 


(n — oo). Then 


log £n 
log Yn 





1 (n- oo). (9) 
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Proof. log e es log a, i.e. log £n — logy = loga + e(n), with e(n) — 0 (n > oo). So 
y 


TL 





End fio OB EUS ao) 
log Yn log Ym log Yn 
log] ! 
Lemma 2. a) Mr ecu ; 
logn! 
logn! 
b) —-—— > |l; 
) log(n + 1)! UE 
log] ! 
Q| Be Dh E E (10) 


loglog(n 4- 1)! 
Proof. a) Since n! ~ Ce~"n"t'/? (Stirling's formula), clearly logn! ~ nlogn, so b) 
logn n 
foll by ——-—— ~ 1 ((9), si 
ollows by TNR END ((9), since ng 
Lemma. Again by the Lemma, and log n! ~ nlogn we get 





^ 1). Now c) is a consequence of b) by the 


loglogn! ^ log(nlogn) = logn + loglogn ^ logn 
and a) follows. 
Now, from the proof of (8), remark that 


nloglogn! | S,(x)loglogzx 2 nloglog(n + 1)! 
log(n + 1)! log x log n! 








and the result follows by (10). 


Theorem 2. The series X Sm 


is convergent for a > 1 and divergent for 


n=1 


a<l. 


Proof. By Theorem 1, 


logn logn 





S,(n) « B 





loglogn log logn 


(A,B > 0) for n > no > 1, therefore it will be sufficient to study the convergence of 


5 (log log n)? 
n(logn)* ` 


n2no 


The function f(x) = (loglog z)^/z(log x)“ has a derivative given by 


z^ (log x)°* f'(x) = (log log x)°™ (log x)*~*[1 — (log log x) (log x + a)] 











implying that f'(x) < 0 for all sufficiently large x and all a € R. Thus f is strictly 





decreasing for x > ro. By the Cauchy condensation criterion ([2]) we know that > an e 
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N ap (where — means that the two series have the same type of convergence) for 
(an) strictly decreasing, a, > 0. Now, with a, = (loglogn)^/n(log n)? we have to study 


2" (log log 2")* log n 4- aA? 
Came a h = loglog2, b = 
M 2^ (log 27) xm 25 Wd p , where a,b are constants (a oglog2, b 


log 2). Arguing as above, (b,) defined by b, = ( 





log n +a 


n+ 
decreasing sequence, so again by Cauchy’s criterion 


2” (log 2” + a)* _ "(nb + a) 
Sono >> (2n + 5) 2: re Eo m 


n>mo n>mo n>m n>mo 


) is a strictly positive, strictly 





Cn+1 us 1 
vx 2a— 1? 





by an easy computation, so D'Alembert's criterion proves 


(nb 
the theorem for a Z 1. But for a = 1 we get the series 1 Ee: which is clearly 
2^ +b 
divergent. 
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17 On the difference of alternate compositions of 


arithmetic functions 


Let Asan) = |f(g(n)) — g(f(n))|(n = 1,2,...)), where f,g : N — R are certain 
arithmetic functions. In OQ.350, OQ.351, OQ.352 ([1]) the irrationality of series of type 


oo 


zd fo (n) 


is announced. Before asking the irrationality, a more modest problem is the 


convergence of this series. For example, when Ap (n) = 0, the above series is not defined; 


but even when Ar,(n) # 0, a problem arises: Is lim |A;,(n)| = +00? This simpler 


question is even difficult in certain cases. For example, let y be the Euler totient, and S 


be the Smarandache function. We will prove that: 


lim sup |A rg (n)| = +00 


7—00 


liminf |Ag;(n)| € 1 


thus, the series in OQ.352 is not convergent. 


Indeed, let p > 3 be a prime. Then 
Ass(p) = |S(p-1) -(p-1)| 2»p-1— 5(p—- t), 


since p — 1 being even, 


(see [7]). This implies 


p-1-$(p-1)2p-1- P7 > coss p ce. 


(1) 


Now let n = p°. By S(p*) = 2p, e(2p) = p — 1, e(p^) = plp — 1), S(p(p— 1)) = 


max{ S(p), S(p — 1) (since p, p — 1 = 1) we get 


S(p(p — 1)) = p, 


p- 


1 
by S(p—1) € "uc spes S(p). Therefore As,,(p?) = |p — (p — 1)| = 1. This implies (2). 


But here the following open problem arises: 


What are the solutions of the equation S(y(n)) = e(S(n))? 
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2. Now we prove that: 


lim inf Ag;(n) = 0 (3) 
and 
lim sup Ag,,(m) = +00 (4) 


where d(n) denotes the number of distinct divisors of n. 


Let p > 3 be a prime and put n = 2-1, Then 


Aay(n) = |d(2”-”) — y(p)| = |p- 1- p- 1| = 0. 


In fact inf Ag ;(n) = 0. Now put n = 2?! . 39-1, with p,q > 3 distinct primes. Then 


y(n) = 277.3*7, d(e(n) =p(q—-1), w(d(n)) = (pq) = (p — 1)(4 — 1). 
Thus 
Aay(n) = p(q—1) - (p—-1)(qg—1) 2q—1-— œ as q — oo. 
This proves (4). 


In fact (4) follows from the stronger result by Prachar [5] that 


d(p— 1) > expíclogp/loglogp) (c> 0) 


for infinitely primes p. As we have seen, d(y(n)) = y(d(n)) for n = 2^! (p > 3 prime). 
Clearly, n — 1 is also solution. What are the general solutions of this equation? 
3. Let a (n) be the sum of divisors of n. Let us assume the conjecture that for infinitely 


many primes p, 2p — 1 is prime, too, is valid. Let q — p — 1. Then 
Aas(q) = |d(q + 1) — 3| = |d(2p) — 3| = 1. 


Thus: 
lim inf |Ag.(n)| € 1 (5) 


Let now n = 27^! (p > 3 prime), and assume that the conjecture on the infinitude of 


Mersenne primes 2? — 1 is true. Then 


o(d(n))=p+1, d(o(n)) =d(2?-1)=2 


for infinitely many p. Thus: 
lim sup |Ago(n)| = +00 (6) 


n— Oo 


Probably, (5) and (6) can be proved without any assumption. The following problem 
seems difficult: What are the solutions of the equation d(a(n)) = o(d(n))? 


4. For an odd prime p, 


Ayo(p) = |e(p + 1) — o(p— 1)| = o(p — 1) — ep +1) 


as 


p+1 
o(p— 1) >p>—— 2 plp +1). 


This implies also 


1 esp 
c(p — 1) — e(p * 1) >p- = 4 > o% as p > oo. 
Thus: 
lim sup Ag (n) = +00 (7) 


n— oo 


Another sequence for which the limit is +00 is n = 2?! (p > 3 prime). By a result of 


Bojanié [2] we have: 








o(2” -1) 
99.1] — las pao (8) 
Now, 
p-1lY __ Dp | (9p-1l . — |op-1 . e (2? = 1) B e (2? E 1) 
Ago (27) = |p(2? — 1) — (2 1| = |2 E em op. 1| — oo 
by (8) and 2?! — oo as p — oo. Probably: 
lim inf Aj;(n) = 0 (9) 


3? — 1 
Golomb [3] remarks that if for a prime p, er is prime too (e.g. p — 2, 7, 13, 71, 103), 


then n = 3" is a solution of Agp e(n) = 0. What are the most general solutions of 
y(a(n)) = o(y(n))? Other problems on the composition of arithmetical functions can be 


found e.g. in [4], [6]. 
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18 On multiplicatively deficient and abundant 
numbers 


Definition 28 of [1] introduces the so-called "impotent numbers" n whose proper di- 
visors product is less than n. It is mentioned there that the sequence of these numbers 
contains terms with the forms p and p?, where p is a prime. 

Let T(n) denote the product of all divisors of n. Then T(n) = n? iff n is a 
multiplicatively-perfect (or shortly m-perfect) number. In a recent paper [2] we have stud- 
ied these numbers or, for example, numbers satisfying equations of type T(T(n)) = n? 
(called m-superperfect numbers). Clearly, the above impotent numbers satisfy the inequa- 
lity 

T(n) <n? (1) 


ie. they are multiplicatively deficient (or "m-deficient") numbers. Therefore it is not 
necessary to introduce a new terminology in this case. 
First remark, that all m-deficient numbers can be written in the forms 1, p, p?, pq, p?q, 


where p,q are distinct primes. Indeed, if d1, d5,..., d, are all divisors of n, then 


n n 
disces HN es caine 
(di, , j (E zl 


implying that 


n n 
Resp do d, 
1:6; 
T(n) = ns? (2) 


where s = d(n) denotes the number of distinct divisors of n. Therefore inequality (1) is 
satisfied only when d(n) < 4, implying n € (1, p, p?, pq, p’g}. Clearly, n is m-abundant 
when 


T(n) >n’? (3) 


implying d(n) > 4. Since for n = py... pẹ” one has d(n) = (o4 + 1)... (a, + 1), in the 


case r = 1, (3) is true only for o; > 3; when r = 2 for ay = 1 we must have ag > 2, 


179 


while for o4 > 2, o» > 2 this is always valid; for r > 3, (3) always holds true. Therefore, 
all m-abundant numbers are of the forms n = p^ (a > 4); pg? (8 > 2), p*q? (a, B > 2); 
w(n) > 3 (where p,q are distinct primes and w(n) denotes the number of distinct prime 
divisors of n). 


On the other hand, let us remark that for n > 2 one has d(n) > 2, so 
T(n) 2n (4) 
with equality, only for n = prime. If n Z prime, then d(n) > 3 gives 
T(n) 2 n?? (n Æ prime). (5) 
Now, relations (4) and (5) give together 
T(T(n) > n9^ for n¥ prime (6) 


Since 9/4 > 2, we have obtained that for all composite numbers we have T(T (n)) > n?, 
i.e. all composite numbers are m-super abundant. Since T(T(p)) = p < p°, all prime 
numbers are m-super deficient. Therefore we can state the following " primality criterion". 

Theorem 1. The number n > 1 is prime if and only if it is m-super deficient. 


In fact, by iteration from (6) we can obtain 


T(T(...T(n)..)) 2 n? 7 n Æ prime. 


Since 3* > 2* . k for all k > 1, we have the following generalization. 
Theorem 2. The number n > 1 is prime if and only if it is m-k-super deficient. 


(n is m-k-super deficient if T(T(...T(n)...)) < n^). 
TVAE 


k 
For related results see [2]. 
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19 On values of arithmetical functions at factorials I 


1. The Smarandache function is a characterization of factorials, since S(k!) = k, and 


is connected to values of other arithmetical functions at factorials. Indeed, the equation 
S(z)=k (k>1 given) (1) 


has d(k!) — d((k — 1)!) solutions, where d(n) denotes the number of divisors of n. This 
follows from (x : S(x) = k} = {x : x|k!, x f (k —1)!}. Thus, equation (1) always has 
at least a solution, if d(k!) > d((k — 1)!) for k > 2. In what follows, we shall prove this 
inequality, and in fact we will consider the arithmetical functions y, c, d, w, Q at factorials. 
Here y(n) = Euler's arithmetical function, o(n) = sum of divisors of n, w(n) = number 
of distinct prime factors of n, Q(n) = number of total divisors of n. As it is well known, 
we have y(1) = d(1) = 1, while w(1) = O(1) = 0, and for 1 < IL (a; > 1, p; distinct 


i=1 
primes) one has 


n=- 
w(n) =r, 
Q(n) x ai, 
an) = TT 0. i) 


The functions y,o,d are multiplicative, w is additive, while Q is totally additive, i.e. 
9, 0, d satisfy the functional equation f(mn) = f (m) f (n) for (m, n) = 1, while w, Q satisfy 
the equation g(mn) = g(m) + g(n) for (m,n) = 1 in case of w, and for all m, n is case of 
Q (see [1]). . . 

2. Let m — Iss n = lI» (ai, B; > 0) be the canonical factorizations of m and 


i=1 i=1 
n. (Here some o; or 6; can take the values 0, too). Then 


T 


d(mn) = [[(os + +1) 2 I TG: 0 


i=1 
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with equality only if a; = 0 for all 7. Thus: 
d(mn) > d(n) (3) 


for all m, n, with equality only for m = 1. 


Since [[@ +8,+1)< [[@ +1) lo: +1), we get the relation 
i=1 i=1 i=1 


d(mn) < d(m)d(n) (4) 


with equality only for (n,m) = 1. 
Let now m =k, n — (k — 1)! for k > 2. Then relation (3) gives 


d(k!) > d((k — 1)!) for all k > 2, (5) 


thus proving the assertion that equation (1) always has at least a solution (for k = 1 one 
can take x = 1). 


With the same substitutions, relation (4) yields 
d(k!) € d((k — 1)!)d(k) for k > 2 (6) 


Let k = p (prime) in (6). Since ((p — 1)!, p) = 1, we have equality in (6): 


d(p!) l 
————~ = 2, rime. it 
(p-)p ^ P" ü 
! 
3. Since S(k!)/k! — 0, ERU E: — ] as k — oo, one may ask the similar 





S(k—1)) k-1 


problems for such limits for other arithmetical functions. 


It is well known that 


Pu — oo as n — oo. (8) 





n! 
In fact, this follows from o(k) = »5 d= ` so 


d|k d|k 


c (n!) 1 1 1 
EN ae >14 H.. >l 5 
n! 2.4? 2 n "E 





as it is known. 
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From the known inequality ([1]) y(n)o(n) € n? it follows 





n .c ny 
y(n) n 
n! 
Or 89) implying 
e (nt) 
A) asn— co. (9) 
n! 


Since y(n) > d(n) for n > 30 (see [2]), we have y(n!) > d(n!) for n! > 30 (i.e. n > 5), 
so, by (9) 








d(n! 
An) _, as m 0. (10) 
n! 
— .... d(n) 
In fact, much stronger relation is true, since —— — 0 for each £ > 0 (n — oo) (see 
nE 
! ! 
[1]). From a) z ae) and the above remark on o (n!) > n! logn, it follows that 
n! n! 
! 
lim sup a logn < 1. (11) 
noo n: 


These relations are obtained by very elementary arguments. From the inequality 


p(n) (w(n) + 1) > n (see [2]) we get 
w(n!) — oo as n — oo (12) 
and, since Q(s) > w(s), we have 
Q(nl) — oo as n — oc. (13) 
From the inequality nd(n) > y(n) + o(n) (see [2]), and (8), (9) we have 
d(n!) — oo as n — oo. (14) 


This follows also from the known inequality y(n)d(n) > n and (9), by replacing n with 


n!. From o(mn) > mo(n) (see [3]) with n = (k — 1)!, m =k we get 


c (Kk!) 
e((k — 1 >k (k 2 2) (15) 


and, since o(mn) € o(m)a(n), by the same argument 


an <o(k) (k > 2). (16) 
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Clearly, relation (15) implies 





lim = +00. (17) 


From y(m)y(n) € e(mn) € my(n), we get, by the above remarks, that 


p(k!) 





p(k) m ek — 1l) <k, (k > 2) (18) 
implying, by y(k) — oo as k — oo (e.g. from y(k) > vk for k > 6) that 
ee A E 
ege P" 
2f = a(k!) 
By writing o(k!) — e((k — 1)!) 2 o((k — 1)!) xt — T , from (17) and 
c((k — 1)!) = oo as k — oo, we trivially have: 
jim [o(!) — o((k — 1)!)] = +00. (20) 
In completely analogous way, we can write: 
lim [p(k!) — y((k — 1))] = +00. (21) 


k—oo 


4. Let us remark that for k = p (prime), clearly ((k — 1), k) = 1, while for k = 


composite, all prime factors of k are also prime factors of (k — 1)!. Thus 


w(k!) = 


w((k — 1)!k) =w((k — 1)!) --w(k) if k is prime 
w((k — 1)!) if k is composite (k > 2). 


Thus 


0, for k = composite 


| l, for k — prime 


Thus we have 
lim sup|w(k!) — w((k — 1))| 2 1 
koo (23) 
lim inf (Kt) — w((k — 1)!)] 20 


Let p, be the nth prime number. From (22) we get 


d 
w(k!) anat 





w((k — 1)!) 


0, if k = composite. 


185 


Thus, we get 
=I, (24) 


The function Q is totally additive, so 


Qk!) = O((k — 1)k) = Q((k — 1)) + Q(k), 


giving 
O(K!) — O((k — 1)!) = O(Kk). (25) 
This implies 
lii sup[O(K!) — O((k — 1)!)] = +00 (26) 


(take e.g. k = 2" and let m — oo), and 


lim inf[Q(k!) — Q((k — 1))] = 2 


(take k — prime). 
For Q(k!)/Q((k — 1)!) we must evaluate 
Qk) —- Q(k) 


= OG)00)+...400=D 











logk 
Since O(k) < D and by the theorem of Hardy and Ramanujan (see [1]) we have 
o 


32) ^ rloglogz (x oo) 


Te 


log k 
(k — 1)loglog(k — 1) 





so, since — 0 as k — oo, we obtain 


: Q(k!) 

Livi’ aS M 2 
poo O((k — 1)!) Po 
5. Inequality (18) applied for k = p (prime) implies 


im 1. 20) 

im -- 

poop p((p — 1)!) 
This follows by y(p) = p — 1. On the other hand, let k > 4 be composite. Then, 

it is known (see [1]) that k|(k — 1)!. So (k!) = e((k — 1)!k) = ky((k — 1)!), since 





—1. (28) 


(mn) = my(n) if m|n. In view of (28), we can write 


lim : . elk!) 
eok pk 1) 





=1. (29) 
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o(p!) 








For the function c, by (15) and (16), we have for k = p (prime) that p < EN < 
o(p) =p +1, yielding 
! 
ate n (30) 
poop a((p—1)!) 
In fact, in view of (15) this implies that 
"E a(k!) 
l f ed 1 
Kook o((k— 1!) B 
By (6) and (7) we easily obtain 
k! 
lim sup ae =F (32) 


k—=œ d(k)d((k — 1)!) 
In fact, inequality (6) can be improved, if we remark that for k = p (prime) we have 
d(k!) = d((k — 1)!) - 2, while for k = composite, k > 4, it is known that k|(k — 1)!. We 
apply the following 


Lemma. If n|m, then 





(33) 


Proof. Let m = lI» |<’. n= ll» (o € a) be the prime factorizations of m 


and n, where n|m. Then 





d(mn) . [[(@+o'+1) ][][(t6 40 zT] (zn) 
d(m) J[e+d] [6+9 atl / 
/ / 
1 
Now 2 uisu < Li € a’ X a as an easy calculations verifies. This immedi- 
a1 o! T1 
ately implies relation (33). 





By selecting now n = k, m = (k — 1)!, k > 4 composite we can deduce from (33): 


a(k!) a(k?) 
d((k—1)!) ^ d(k) 





(34) 
By (4) we can write d(k?) < (d(k))?, so (34) represents indeed, a refinement of relation 
(6). 
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20 On certain inequalities for oj. 


1. Let k bea real number and n > 1 a positive integer. Let dı, d5,..., d, be all distinct 
divisors of n. Put 
a(n) ^ 3d (1) 
i=1 
for the sum of kth powers of all divisors of n. For k = 1 one obtains the sum of divisors 


ailn) = a(n), while for k = 0 we have co(n) = d(n) = s - the number of divisors of n. 





For k = —1 one has 
E, rele cae ny | | a(n) 
a di ` KON (s | | 1) 7 ne pure n’ 
since lody {Fn Eh 


Remark that the arithmetic mean of divisors of n is 


_ a+... tds oln), 


A(dı,..., ds) " d(n)’ 





the harmonic mean is 


H(d,,...,d,) = 





oln)  o(m) 


while the geometric mean is 


G(di, du, d,) = V aids sod, s n. 


Indeed, didz... d; = T . T ie 7: so didz... d, = n?" (see [1]). Now, applying the 
1 2 E 


classical inequalities A > G > H, one can deduce 





sten (2) 


and in more general form 
ex(n) 


d(n) 


due to R. Sivaramakrishnan and C.S. Venkataraman [2]. 








S. Philipp [4] deduced the complementary inequality 


while E.S. Langford [2] improved this to 


T st (5) 





We will obtain strong generalized refinements of these relations. 
2. Let the numbers (aj) (k = 1,s) satisfy 0 < m < ap € M. Then the following 


inequality is due to P. Schweitzer [6]: 


Z Š 1 s?(M +m}? 
< 
(Y: a) (Y: 2) ^^ 4mM (6) 
G. Polya and G. Szegó [5] have generalized (5) as follows: 


IfO0<a<a,<A,0<b< b, < B, then 








(a2 +... +a) +... 92) z (AB + ab)? 
(a+ 1b, +... + a50,)? ^  4ABab 


Remark that if d,,...,d, are the divisors of n, then 
S S n k 
dé = Se 
rd 


SO 
Nod. Sard (8) 
{=l i=1 


Let k,t > 0 be real numbers, and apply (6) to a; = dtl? bi = ar (i = 1,5). Then 
a=1,A=n*?,b=n-"/?, B = 1 (suppose n > 2). After substitution in (6), by taking 
into account of (5) one obtains (by taking squaroots) 


(ey (n)o«(n))!? 4 ce is 2+1 
On) T 2 





(9) 


For k = t, a generalization of (4) is obtained: 





< (10) 


For t = 0 (8) gives the curious inequality 


(rm). unm el 
Oyyo(n) 7 


(11) 
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3. A form of the Chebysheff inequalities [3] such that if a; < a» € ... < a, and 





bı X bs <... € b, are real numbers, then 


(Y: «| (> i) <s 5 a;b; (12) 


i=1 





Let a; = d}, b; = dt (i = 1, s), where k,t > 0. Then 





on(n)or(n) € d(n)ox+e(m) (13) 


For an application of (12) we note that by (2) this gives 





Orse(M) — ox(n) nk/? 
zur e m (14) 


We note that a simple proof of (2) follows by the application of the inequality 





for a; = d*, by taking into account of (7). 
We now write the following extension of the Chebysheff inequality ([3]): If 0 € al € 








. < al, 0 <a? <... < a2,..40 € a? <... € a™ (where the superscripts are not 
powers!) then 
al dil» ape qnoi Nc qi cam (15) 
i-l i=l i=1 i=1 
Let now in (14) a} = d^,..., a = d", where d; (i = 1,5) are the divisors of n, while 
ky,...,km > 0 are given real numbers. One obtains 
71, (nes, (n) -< Ckm (n) € (d(n))" ok i n (0) (16) 


This is an extension of (12). Applying (2) this yields: 


(n) mst 
C kybka- hm ~ n? h” Fa (17) 
Or(n) —— 


For m = 2 one reobtains the weaker form of (13). Other relations can be found in [7]. 
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21 Between totients and sum of divisors: the 
arithmetical function y% 


Introduction 


Let n = I] p (p; primes, a; > 1, i = 1,r) be the canonical representation of 
i=1 
the natural number n > 1. Then it is well-known that the Euler function y has the 


representation 
y(n) -2n[[ü0-»?») e021 
i=1 
This arithmetical function plays an important role in many problems of number theory, 


algebra, geometry, etc. Another important function is the sum-of-divisors function o, 


defined by 
a(n) = Ne d, 
d|n 


where the sum runs through all divisors d of n. We have 


T 


o(n) = [ [r - 0/6 - 2) 


i=1 
(see [1], [3], [7], [9], [22]). These two functions have been studied extensively and many 
interesting and important results have been proved. On the other hand there are some 
open problems which are very difficult to study at the present state of the science (e.g. the 
study of the equation a(n) = 2n for odd n (odd perfect numbers), problems on a(a(n)), 


o(y(m)), etc.). 
Dedekind’s arithmetical function v is defined by 


vn =ni ¥)=1. 


This function proved to be useful in some problems of number theory ([2], [13], [14], 
[18], [24], [25]) and has interesting connections with the above mentioned and other arith- 
metical functions. There are known some generalizations ([4], [18], [19]), one of which will 


be used by us, namely the function 


r 


pln =n* [[0 +"), k21. 


i=1 
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Dedekind's function satisfies y(n) € v(n) € o(n) and sometimes it is easier to study 
w than y or c. In our opinion a more penetrating study of this function may be important 
in elucidating some properties of y and a. The aim of this paper is to examine some less 
known and new properties of Dedekind's arithmetical function. Our results generalize or 
improve upon known theorems, have several interesting applications and lead to a new 
approach of old problems. 

In what follows it will be convenient to use the well-known Jordan generalization of 


Euler's function, 
ex(n) =n* [ [1 — 27"), 
i=1 


and a generalization of o: 


T 


aln) = Y d = Top - 1) - 1) 


d|n i=1 


([7], [9]). (n) and Q(n) will denote the distinct and total number - of prime factors of n, 


respectively, i.e. 
w(n) =r, An) = Sra 
i=1 


d(n) will be the number of all divisors of n, in expression 


T 


d(n) = [Teo 0 


i=1 
(see [1], [3], [v], [9], [22]). A divisor 6 of n is called "unitary divisor", in notation ó||n, iff 


d|n and (6, n/à) = 1. Define of(n) = y» — the sum of kth powers of unitary divisors 
6||n 
of n ([6], [17], |23]). Then it is not difficult to show that 


i.e. the greatest squarefree divisor of n. 
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Some inequalities 


1. As we claimed, the following inequality is true: 
ex(n) € ve(n) < oln), n>1,k>1 (1) 


The involved functions being multiplicative (i.e. they all satisfy the functional equation 
f(ab) — f(a)f(b) for (a, b) — 1), it is sufficient to consider prime powers n — p^ (p prime, 


a 2 1). Then (1) becomes 
paite tia pe 1) pe. 


which is obvious. 


2. By considering the fraction 


ex(m)/ox(n) = [0 -pa +p) 


pin 


and using the decreasing function 
fix) =(-2)/1 +2), 2 € (0,1), 


with 1/p < 1/2 for n even and 1/p < 1/3 for n odd, we immediately can deduce: 


Vx(n) < (5 = r) y(n), for n even; < (s — F) -pk(n), for nodd (2) 








where r = w(n) denotes the number of distinct prime factors of n. For k = 1 this means 
that 
w(n) € 3"? o(n), n even; € 2° y(n), n odd (3) 


with equality only when n = 2” and n = 3™, respectively. In the same way, the equality 
ve (n)ve(n)/n* = LTQG -r 
pin 
combined with Euler’s formula 


Gos I[ a-». 


pprime 
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where 
CO 


¢(s) = Son 


represents Riemann’s zeta function (|1], [3], [7], [21]), yields the relations 


(¢(2k))~* < ex(n)vx(n)/n?* < 1. (4) 


3. We now prove two inequalities for the sum and difference, of y and v, respectively. 
Firstly, 
x(n) + y(n) 2 2n* (5) 


This trivially follows from the algebraic inequality 


r 


la + zi) «Ta m9 >22 


i=l i=1 
for 0 < z; < 1, i = 1,r (selecting z; = 1/p;). We omit the (simple) proof of this inequality, 


which easily can be done e.g. by induction. A similar algebraic inequality is 


r r 


[[@F+ -[]@-* = 2” 


i=1 i=1 
of y; > 2 are real numbers (i = 1,7) and k,r > 1 are natural numbers. This can be proved 
e.g. by induction with respect to r. Applying it for y; = pi, we get 


dx (n) — (yln))* > (5 : d > han (6) 


T 


where y(n) = I] p; € n denotes the core of n. As a consequence, we have: 
i-l 


b(n) 2 e(n) + 24? (7) 


with equality for n — p* (prime power). 


Lastly we quote the inequality ([11]) 
Pe(n) = 2409 nk? (8) 


which can be proved by an application of the arithmetic mean-geometric mean inequality. 


In section 8 we shall obtain a stronger form of this inequality. 
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Some limits 


1. By (1) we have w(n)/p(n) > 1. If p is a prime number, 


v(p)/ve(p) = (p+ 1)/(p-1) > 1 


as p — oo. On the other hand, if p; denotes the ith prime number, 


T 


v(ni---p)/e(ni---»)-7 Da» )/0-»)» [Ia n o 


i-l 
if r — oo, as it is well-known ([1], [7]). Thus, 
liminf (n)/e(n) = 1, lim sup Y(n)/p(n) = oo 
An analogous argument shows that 
liminf v(n)/n = 1, limsup w(n)/n = oo 


Using the same idea, by v(p)e(p)/p? = (p — 1)(p + 1)/p? — 1 and 


in view of (4) we obtain 


lim inf 2(n)y(n)/n? = A lim sup v(n)g(n)/n? = 1 


2. Clearly, Y(n) > n+ 1 (with equality for n = prime). On the other hand if 


T 

— Qi 

n = | as 
i—1 


then ] 
Wn) = n [Ta + 75. 
i=l 


so by p; >i +1 (i= 1,7), we can write: 





we) sn (1e 5)... (1 5] csse oes EES 
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Remarking that for n = p;p;+1 (p; denotes the ith prime) we have 
y(n) 


nw(n) 





= (pi + 1) (pin + 1)/2pipi+1 — 1/2 


as i — oo, the above inequality leads to 


lim sup =i = ; (12) 





For the lim inf we note that by Mertens’ formula (|1], [7]) 


T 


[[G +27") ~ C-loglogn (r> ov), 


i=1 
where n = pı... pr and pj is the ith prime number (C a positive constant), so we imme- 


diately obtain 
Y(n) 
nw(n) 


Let d(n) denote the number of all divisors of n. Then taking the sequence (2™) and 


lim inf 





=0 (13) 


using the relation w(n) < d(n), and (12) imply 


y(n) 
nd(n) 


3. In connection with the difference Y(n + 1) — y(n), we can prove: 


= : p(n) 1 
=0, limsup qmm) r2 (14) 


lim inf 








liminf(v(n--1)— v(n)) = —oo, limsup(v(n + 1) — v(n)) = oo (15) 


More generally, we shall prove that for each A > 0 there exists n such that y(n — 1) — 
w(n) > A and y(n +1) — Y(n) > A. Indeed, let n = 2*m, (k > 1, m odd) be an even 


number. The multiplicativity of Y implies 
3 
Yn) = Pm) > m: 25.2 = 2n, 


3 
thus y(n) > 5” for n even. Now let p be an odd prime. Then w(p) = p 4 1, so 


9(p-1)- 969) > 509-1) - (9 1) = 
and 
v(p* 1) -v(p 2 50-1) - (41) =H 


Selecting e.g. p > A, the above assertion is proved. Of course, (15) follows also from the 


equations 


pud —0, limsup SS) =o (16) 


p(n) V(n) 


which are more difficult to prove. In order to obtain a more general result, we quote 


lim inf 


a theorem of A. Schinzel and W. Sierpinski [15]: For each n € N there exists n € N, 
n > 1, such that y(n)/p(n —1) > m and y(n)/p(n+1) > m. By applying this result, for 
m = 8M, the inequality (4) (k = 1 and 6/z? > 1/2) one gets: 


b(n = 1)/v(n) > ((n — 1)?/2n?)e(n)/e(n — 1) > 1/8p(n)/e(n - 1) > M 
and 
b(n + 1)/(n) > ((n + 1?/2n?)e(n)/e(n + 1) > 4M. 
Thus we have proved that for each M there exists n > 1 with: 


p(n- 1) Y(n + 1) 


Wu) ^" wm) 


>M (17) 


This clearly yields (16). 


Density problems 
We shall study the density of the sequences (v(n)/n) and (¢(n)/y(n)). 
The sequence (v/(n)/n) is everywhere dense in (1, oo) (18) 


The sequence (v(n)/qo(n)) is everywhere dense in (1, oo) (19) 


1. In order to prove (18), let 1 < a « b be given real numbers and let p; be the ith 


1 
prime number. Select k in such a way that 1+ — < 2 and let l be chosen such that: 
Pr a 
(1+ 1/pk)--- (1 +1/pru) 2b, (1+1/px).-. (1+ 1/Pr+-1) < b 


(A such | exists because of (1 + 1/pp)... (1 + 1/Pk4m) — 0 as m — oc). Define 


o — (LEI pE prere): 
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Then a(1 + 1/py41) > b, hence 
a 2 b/(1 + 1/pku) > b/(1 + 1/px) > a. 


Thus a < a < b. On the other hand, 


W(PRPR+A EE -Dk+t—-1)/PkPk+1 e Pktl-1 = (1 xm 1/pr) D (1 d 1/Pr4t-1) =a 


finishing the proof of (18). 

2. For (19) we shall use a method of B.S.K.R. Somayajulu [16], who proved the follow- 
ing assertion: Let (a4) be a positive, strictly decreasing sequence with a, — 0 (n — co) 
(in notation 0 < a, | 0) and suppose that the series y» is divergent. Then for each 
s > 0 there exists an infinite subseries of ` an, Which converges to s. 

Let p, be the nth prime and choose un with 1 + un = (p, + 1)/(pn — 1). Then clearly 
0 < un | 0 and 


oo 


law) = oo 


n=1 


(see the proof of (9)). Select now in the above lemma a, = log(1 + un) in order to get the 


proposition: For each 6 > 1 there exists (u;,), such that 


oo 


la +Un,) =6 


r=1 
Take Mm, = pa, ---Pn,, When 


r 


V(m,)/p(mr) = J [A+ un) > ô 


k=1 


as r — oo. This completes the proof of (19). 
Divisibility properties 
1. We start with a simple but useful property: 


alb = w(a)|v(b) (20) 


Indeed, let 
a=|[v*, o=] [p] [A 
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be the prime factorizations of a and b. (For simplicity we do not use indices), p,q being 


primes, (p,q) = 1. Then 


=] [r] [P+ EN 


thus v(a) divides v(b). 
2. Next, we prove that: 





pe o (21) 
a b 
We prove a more general relation, namely 
v(A)U(B) 2 v(AB) > Ad (B) (22) 


Let 
S-I[»]I[ve. 5-][[» [[o 


with (p,q) = (p, t) = (q,t) = 1, be the prime factorizations of A and B. Then 


v(AB)/v(B) = JJe] [A] [0 9 1/0 = 


with equality if all G = 0, i.e. if for each prime p|A we have also p|B. The left-side 
inequality follows by the same lines. 


Write now b = qa, q > 1 and apply (22): 
b 
(b) = (qo) > qula) = Wa) 


yielding (21). 
3. We note that the following inequalities also hold true: 





c(A)e(B) > c(AB) > Ao(B) (23) 
p(A)p(B) € e(AB) € Av(B) (24) 
having the consequences 
al = aa) < a (25) 
alb > L > 2 (26) 


As an interesting consequence of (20), we can state: 
Yim, n))| (m), v(n)) (27) 
[b (m), v(n)]|b([m, n]) (28) 


where (u,v) and [u,v] are the g.c.d. and l.c.m., respectively, of a, b. 


Power and composite functions 


1. For the function o(n)*™ we have proved [12] that a(n)? < n" for all n > 2, 


which in the light of (1) yields 
Pn) <n", n>2 (29) 
On the other direction, one can prove: If all prime factors of n are > 5: 
(n) 9) > n^ (30) 
First we prove (30) for prime powers n = p“. Relations (22) and (24) imply at once 
p^ (p 1) X (p") € (p+ 1)" 


and 


Therefore 


iff (p — 1)?*! > p?. This is true for all p > 5. Indeed, we have to show that 
pepe eoque os 


Here (1 + 1/(p — 1)! < e < 3 and 3p/(p — 1) < p — 1 iff p? + 1 > 5p, which is true for 
p 25. 

Next we remark that if (30) is valid for n = a and n = b with (a,b) = 1, then it is 
valid also for n — ab: 


plab)” «9 = (Cola t O ((5(py&0))9(9) > gU) (D pbv(a) ~ qg% . pab = (ab)®. 
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This remark (and the above proof for n = p?) concludes the proof of (30). 
2. The composite function y(¢(n)) behaves very irregularity, but we are able to prove 


that 


where [a] denotes the integer part of real number a. More generally, 


(of) e» : 


TL 


By (4) and (24) we have 


Pr (x foo) < P8), (n) <n, 


TL 





proving (32). 


We can use a unified method to prove that 


(v(n)) 


lim inf c E 0 (33) 
lim sup rein) = 00 (34) 
NMECONN 
lim sup Uu = (35) 


Dirichlet’s theorem on arithmetical progressions ([1], [3], |7]) asserts that if (a,b) = 1, 
then there are infinitely many primes of the form ak + b. Let p; be the ith prime and 
consider a prime p of the form p = —1 (mod pi ... p,). Since pi... p,|(p - 1), by (26) we 


can write: 


(m... Pr)/Pı-- -Pr = (p 1)/(p 1) = e((p))/p + 1, 


wos (1- 2)... (1- 7. =0 


Pı 


thus 





if r — oo, getting (35). 
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Let q be a prime of the form q=1 (mod p,...p,). Then (21) shows that 


V(pi...py)/p1--- py < v(p — 1)/(p — 1) = v(v(p))/(p — 1), 


yielding (34). 
3. We note that A. Makowski and A. Schinzel [10] have proved that 


liminf o(o(n))/n =1, limsup (o(n))/n = oo, 
which in base of (1) trivially imply 


v(e(n)) lim inf AGUA) <1 (36) 


lim sup = œ, 
n 





4. In connection with the function v(v(n))/n, (35) shows that 


lim sup v (v (n))/n = oo. 


We now prove that 


lim inf eren = : (37) 


if we assume the existence of an infinity of Mersenne primes ([1], [7]), i.e. primes of the 


form 2” — 1. First remark that for n > 3, v(n) is always even so (20) and (21) give us 


Y(n) > Sv) (38) 


Using (10), we get the liminf > 3/2. Let n be a prime of the form 2™ — 1. Then 


p(n) = 2” 


and 
(b(n) /n = 3/2 - 2" /(2* — 1) > 3/2 
if m — oo, proving (37). 

5. For the function ~(y(n)) we can prove an interesting result, for which we need some 
preliminaries. In certain cases the inequality (22) can be improved. First let us introduce 
the following notation. Let a ^ b denote the property: there exists at least a prime qla, 
with q 1 6. We claim 

v(ab) > (a+ 1)v(b), ifa ^b (39) 
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Let 
a=][e] [A o=] [r] [0 (»0-(090-(59-70 


be the prime factorizations of a and b, where a, a’, y > 0; 8 > 1 (i.e. a Ab). Then, by the 
definition of Y, we get 


(ab) / Yo) = a] [Q 1/9). 


Here 


Heto 21«w([Io) 21« v (ILe) 214v (TIP IIo) = 1*1. 


Therefore we obtain (39). The second lemma we need below says that: If n is an even 


number and 7(y(m)) > m, where m denotes the greatest odd divisor of n, then 


v(e(n)) 2 (40) 


NI 3 


To prove this, let n = 2^. m. Then y(n) = 2*-!y(m) and by taking into account (22) 


and the assumed condition, we find that 


Yloln)) > 27m = n/2. 


We are now in a position to formulate the above mentioned result: Let S denote the 


set of odd numbers m whose prime factors p,,...,p, satisfy the following conditions: 


(pz — D) A (p1 — 1), (ps — 1) A (pı — 1) (p2 — 1), -, (Pr — 1) A (p1 = 1) «4 (Pr—1 — 1). 


Then v(p(m)) 2 m for m € S. If n is even number and m € S (where m denotes the 
greatest odd divisor of n), then 


V(e(n)) > (41) 


ml] s 


This can be proved immediately, using (39) (the first part by induction) and (40). 
We conjecture that w(y(m)) > m for all off m, but this seems to be very difficult (see 
10.). 
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Dirichlet series 


1. Denote 





D(f,.s) = 


n=l 


the Dirichlet series of the arithmetical function f. It is well-known that 


D(f * 9,8) = D(f, s)D(g, s), 


where 
(f * g)(n =e 9 (=) 


is the Dirichlet product of f and g. ee that the considered series are absolute 
convergent, see [20]). Denoting E,(n) = n*, I(n) = 1, one has 


n) 2 33 EG) (5) 


Since 
X nk 
D(Ex, s) ms (s—k) (Res>k-+1) 
n=1 
and 
D(I, s) = G(s), 


the zeta function of Riemann, one gets 
D(ex, s) = G(s — k)G(s) (42) 


For k — 0 this gives 

D(d, s) = C'(s) (43) 

Similarly, from y(n) = n" 2. u(i)/i* (u denotes the Möbius function [1], [3], [7], 
[22]) we obtain 

Sls — k) 


D(pk, 8) = (Re s » k) (44) 


2. These results follow also from the Euler formula 


cs) - T [a -»7»7 


p 
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and a theorem on multiplicative arithmetical functions f ([1], [7]): If f is multiplicative, 
then 


- Ite p)p ? + f(pp ?^ - ...) (45) 


Let o;(n) be the sum of kth powers of unitary divisors of n (see 1.). Then by (45), 


D(o%, 8) = |] {1 e$)» + of(p?)p** +... = 


-I[Qa-a4»»*-0-»5»*-..-]D[[n-»9*9)a0-»5)a-»€?- 


p p 


= C(s)¢(s — k)/6(2s — k), 


by Euler's formula. Thus 


Diss Res>k (46) 


A similar argument shows that 


D(is, s) = [] {1+ (1+ 299^ + (^ +p +...} = 


= -Ia- (s— FED AG m p 6-9)ü E p eel): 


C(s — k -- 1)C(s — k) 
C(2(s—k+1)) ' 


3. Dirichlet series can be used well to obtain interesting relations. Let us consider first 


D(z, s) = Res>k (47) 





the identity 
C(s — k) E e tesa s Fr 
Sa Sl) = (5 — Bc) 


which in view of (42), (43), (44) has the form 
D(x * d, s) = D(x, s). 


It is well-known - by the uniqueness theorem of Dirichlet series (|20]) - that this implies 


Pk * d = Ok, i.e. 


>. valid (F) = on(n) (48) 


Writing the identity 








C(s — k) = d erc 
A As - KK) = C5 - B) 
we obtain 
D pr(t)on (5) = n*d(n) 
By 
AOR _ C(s)e(s— 1) 
Q(2s) — G(s) ¢(2s) ` 
taking into account of D(2*, s) = ¢7(s)/¢(2s) (see [21]), via (44), (47) we get 
V) = 3299 (=) (49) 


Y e(i)o* (=) = o(n)d(n) (50) 


For an application of (49) notice that ijn => 2° < 2*0), For a such S we obtain 


V(n) € $^ (i) x 24? r- y» «e (51) 


iln, ics iln, ices 


Let S = {n}. Then we have: 


Yin) < p(n) + 24 (n — p(n)) (52) 


with equality only if n is a prime (compare with (7)). 


Asymptotic results 


1. Relation (49) informs us on a connection between w,w,y. However it is more 


convenient to use the following expression: 


v(n) = X. u(d)e(k) (53) 
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where, as usual, u denotes the Mobius function. This can be proved easily if we observe 
that the sum on the right side is multiplicative, and a simple computation for n = p® 
(prime powers) yields the equality. 


We now are interested for an asymptotic formula with remainder term for X y(n). 





nír 
On base of (53) this sum may be written as 
2, u(d)e(k) = 5 uad) 5, ok) 
d?k«z d<a1/2 k<a/d? 
It is well-known that ([1], [7]) 
2 
po (k)— B" + O(mlog m), 
k< 
thus 
ra? {— A 7 
3 u(m9- 15 X u(d)d +O a d + O(# log x) = 
n<a d=1 d»41/2 
mu^ d i 15 
ya RE /2 l = fee l 
i2 t4) + O(z'*) + O(a log x) 5,27 + O(a log x) 
(because of ¢(4) = 74/90 and the known relation D(u, s) = 1/¢(s)). Thus: 
15.5 
X yn) 7 au + O(xlogzr) (54) 
nír 
Remark. Using the Weyl exponential sums ([26]) it can be shown that 
z2 
` oln) = p" + O(m log?/? m), 
ncm 
implying the refinement 
Y^ y(n) = 22? + O(log?” 2) (54^) 
nz 27? 


For k > 1 we can prove a similar formula, but with a weaker remainder term. Namely, 


we have 





3 un) = ght q In "S J -O(a^), k>1 (55) 


The proof runs on the same lines, based on 


ncc 


and 





nír 


([7], [9]). As a corollary, 





¢(k+1 
un ~ T (r— 00), k>1 (56) 


nz 

2. Recall the definition of "normal order of magnitude" (|7]). Let P be a property in 
the set of natural numbers and set a,(n) = 1 if n has the property P; —0, contrary. Let 

A(z) = S li: 
nz 

If a,(x) ~ x for x — oo we say that the property P holds for almost all natural 
numbers. We say that the normal order of magnitude of the arithmetical function f(n) is 
the function g(n), if for each & > 0, the inequality |f(n) — g(n)| < eg(n) holds true for 
almost all natural numbers n. 

Our aim is to prove the following theorem: The nomal order of magnitude of 
log v (n)d(n) /o(n) is 

log2loglogn (k 1) (57) 


First we shall prove the double inequality: 
2209 < wy (n)d(n)/ox(n) < 2° (58) 


where w(n) and Q(n) denote the distinct and total number - of prime factors of n, respec- 
tively. 

The right side of (58) is quite obvious from (1) and d(n) < 29? (this follows from 
a 4-1 € 2%). Apply now the Cauchy mean-value theorem for f(x) = z^*!, g(x) = x? on 


x € [1, a): 





for a, a > 1. Take a = p, which transforms the above inequality into 


k(oc1) _ 1 1 

p ko 

2 < Fa 
(F-D(a+l~” ( x) 
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ie. the left side of (58) for n = p®*. This finishes the proof of this inequality for all n, 
because the involved arithmetical functions all are multiplicative. 

Remark. It is known ([9]) that o,(n) > n*/*d(n), so the obtained inequality implies 
(with a new proof) relation (8). Combining (58) with (3) we get the interesting inequality 
a(n) € y(n)d(n), for n odd. 

We now recall a result of G.H. Hardy and S. Ramanujan ([1], [7], [9]) which says that 
the normal order of magnitudes of w(n) and Q(n) is loglog n. Therefore, in the light of 
(58) one has: 

E 


og? log v (n)d(n)/ex(n) € Q(n) < (1+) loglogn 


(1 — &€)loglogn < w(n) € 


for almost all n. This proves the validity of (57) (see also [13] for a stronger result). 
3. We touch here also a problem related to the maximal order of magnitude ([1], [7]) 
of w. More precisely, we prove that: 


There exists a constant C1 > 0 such that 
p(n) < Cinloglogn for all n > 2; (59) 
there exists a constant C5 > 0 such that for infinitely many n one has 
p(n) > Con log log n. (60) 
(59) is a consequence of (1) and of Gronwall’s theorem ({7], [9]): 
a(n) < Cyn log logn. 
For (60) we use a theorem of Mertens (|Y], [9]): 


lIa +1/p)~Clogm (m — oo), 

pzm 
where C > 0 is a constant and p runs through all primes below m. Let n = pi... pr, with 
pi the ith prime. The prime number theorem (of Hadamard and de la Vallée Poussin) ({7], 
[9]) asserts that n ~ e" (r — oo), i.e. logn ~ r. By p, ~ rlogr we have log p, ^ log log n, 


SO 


J [C 1») ~ Cloglog n. 


Ver 
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For sufficiently large r we obtain w(n)/n > Clog log n with suitable positive constant 
Co. 

Remark. A. Ivić [8] has proved that for n > 31, 

28 
la + 1/p) < 7p 08108. 
which in our terminology means that 
28 
p(n) < pz log logn for n > 31. 

4. Lastly we deal with the representation of v by Ramanujan sums ([1], [7], [9]). 

Remark that Y(n) = yo(n)/y(n), where y2(n) is Jordan’s arithmetical function (k = 2). 


Now 
(n) = X plt)/e?, 
thus À 
eem) B 2 TOLAS "A D 
with 


Cmn) = yo exp(2rink/m) 


(k,m)=1 


the Ramanujan arithmetical function. Thus 


n)/n? = Y cn(n)/m? Y (dm) = 


= X cn(n)u(m)/m*! Y^ ud). 


(d,m)=1 
The function f : d — u(d) for (d, m) = 1; 0 in other cases,, is evidently multiplicative, 


so we can apply (45): 


> u()/d = II (Sro vie) -[[a-»52 zm IIa-»^*57 
plm 





(d,m)=1 pim 
Therefore 
1 n? QA e (n)u(m) 
b(n) e Zl. (61) 
O= va) eal) 
(where y3(m) = m? II (1 — p^?) is the 3-order Jordan function) which is the desired 
pim 
representation. 
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Some diophantine equations 


1. The numbers n satisfying the equation o(n) = kn are called k-fold perfect numbers 

(k > 2). It is not known (|6]) if there exist odd k-fold perfect numbers. However we can 

study the equation (n) = kn. We shall use a notion and method of Ch. Wall [23]. 

We say that n is w-multiple of m if m|n and the set of prime factors of m and n are 

identical. We need a simple result on v(n)/n: If m and n are squarefree numbers and 
io (n)/n = v(m)/m, then 

m=n (62) 


Without loss of generality we may suppose (m,n) = 1 and m,n > 1. Let m z n, 
n = pi... Pk (Pı <.-.< Pk), M= q.. -qj (qı € ... < qj). Then the assumed equality has 
the form 


n(l+qi)...(1+q) =m(1+p1)...(1 + py). 


Since p,|m, the relation p,|(1 + pı)... (1 + pe_-1)(1 + py) implies p,|(1 + p;) for some i 





(i =1,k). Here 1+p, <... < 1+p,_1 € 14+px, so we must have p;|(1+p,_1). This happens 
only when k = 2, pı = 2; p = 3; j = 2, qı = 2, go = 3. In this case (n,m) = 6 zx là 
contradiction. Thus k = j and p; = qj, etc. 

Let us suppose now that the least solution n, of (n) = kn is a squarefree number. 


We shall prove that 
all solutions of our equation are the w-multiples of n;. (63) 
Indeed, if n is w-multiple of ng, then clearly 
io (n)/n = v(nk)/mx = k, 


by the definition of v». Conversely, if n if a solution, set m = 7(n) - the greatest squarefree 


divisor of n. Then 
v(n)/n = v(m)/m = k = v(n)/nx 


By (62) m = ng, i.e. n is w-multiple of ng. 
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9 
Remark. As an application we obtain that all solutions of the equation Y(n) = 5^ 


have the form 275° (a, b > 1). (Choose n, = 10, k = 9/5). For k = 2 we get the solutions 
[993 c a,b > 1}. (64) 


3 
2. An interesting simple equation is v(v(n)) = 3 (n). As we have proved in (38) one 


3 
has v(v(n)) > 5 (n) for all n. The proof given there shows that equality one has only 
when Y(n) has not other prime factors than 2, i.e. Y(n) = 2". We prove that all solutions 
of this equation may be written as n = pı... Pp, with p; (i = 1,k) distinct Mersenne 


primes. Let 
n= I] Dp. 
i=1 
and write 


-Je (pi + 1). 


Then y(n) = 2” iff o; —1 = 0 (i.e. n is squarefree) and p+i+1 = 2°, thus p; = 2°—1 = 
Mersenne prime (i = 1, k). 

Remarks. There are many other equations (solved or open problems, see 10.). As a 
sample, we give the equation v(v(n)) = 2n which has the only solution n = 3 (see [14]). 


In [14] we have studied among others the equations 


yploln))=2n, e(w(n)-2nm, w(o'(n))-2m:i I, ete: 


Some open problems 


1. (37) says that lim inf v(v(n))/n = 3/2. In the proof of this result we have accepted 
the existence of an infinity of Mersenne primes. However this conjecture about Mersenne 
prime numbers is not proved and is one of the most notorious open problems in Number 


Theory (|6]). 


Could we prove (37) without this assumptions? (65) 
2. In (36) we have obtained lim inf v(o(n))/n < 1. 
What is the value of this lim inf? (66) 
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3. The theorem in (40) is based on the inequality w(y(m)) > m, where m is the 
greatest odd divisor of n. 

Is it true the inequality w(y(m)) > m for all odd m? (67) 

In view of (1), this problem is stronger than the conjecture of Makowski and Schinzel 
[10]: o(y(m)) > m for all odd m. For results connected with this conjecture see also [2], 
[12]. 

We prove that 

a(mn) > c(m)v(m) ifm ^m (68) 

(see (39)) i.e. there exists a prime factor t|n, t 1 m. 


Let 


m-l[[»[[«&. »-[D»*[[e. oa». 
'Then 
c(mn)/s(m - [|| /w"-o][[t"-20/«- 1. 


pote di-1 


The elementary inequalities 


1 


Ca a Bop? qaa Oy 


(Pr -1/0-12ü-1/) G21) 


imply at once (68). 
Using (68) and the method of (41) 
how could we attack the conjecture of Makowski and Schinzel? (69) 
4. In [14] we have found all even solutions of the equations o (v(n)) = 2n and v(c(n)) = 
2n. 


What are the odd solutions of these equations? (70) 
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22 A note on certain arithmetic functions 


In what follows, we will consider arithmetic functions f : N — N, where N = 


{1,2,...}. Then f is called a multiplicative function (shortly: m-function) if (a,b) 
1 = f(ab) = f(a)f(b). In the recent note [1] there are considered certain m-functions 
with the property 
(a,b)=1 = (f(a), f(b)) — 1. (1) 
We shall call such function as "relative-primality preserving function” (shortly: r.p.- 
function). In [1] an m-function, which is also r.p., is called 1-multiplicative. However, this 
name is not justified, as there are many nations of higher-order multiplicative functions 
in the literature (see e.g. [2]). Let (x,y) denote the g.c.d. of x and y. A function f with 
the property 
(f(a), f(b)) = f((a, b)) for all a,b (2) 
will be called as "greatest common divisor preserving function" (shortly: g.p.-function). 
If 
ajb = f(a)|f(b) for all a,b (3) 


then we shall say that f is a "divisibility preserving function" (shortly d.p.-function). 
Finally, we note that f is called totaly-multiplicative (or: t.m.-function) if f(ab) — 
f(a)f(b) holds for all a,b € N. The structure of the above classes of functions is not so 
simple, as is expected in [1]. For example, it is questioned if a function which is m and 
r.p., must be t.m. function? That this is not true, follows from the following examples. 


Let 
; n=1 
fq) = : (4) 
Piec Dr quesqpiemt 2 
where p; ( = 1,r) are distinct primes, a; > 1. Then f is m-function, since if m = 
gf ... q55, then 
f(nm) = (pi... py)(m - --qs) = f(n) f(m) 
if (n,m) = 1. Clearly, f is r.p.-function, since if (n, m) = 1, clearly qi # pj, so 


(p1...pr di... qs) = 1, But f is not t.m.-function, since e.g. f(p?) = p, but f(p)f(p) = 
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pp = p? # p. Thus f(p?) Z (f(p))?, implying that f is not totally multiplicative. Let now 


1, n=1 
f(n) = Q Q O1 Q 
(Bil ... (pr — 1)”, n =p ...p% > 2. 


Then f(p) = p—1, so f(p)* = (p—1)* = (f(p))? for each prime p and a > 0. Similarly 


(5) 


f(p*q?) = (p—1)*(a- 1) = (f(p)^CF(a)? = fe) Ff", 


(even for p = q). This implies immediately (by induction) that f is a t.m.-function. But 
f is not a relative-primality preserving function! Indeed, let p and q be odd primes, p Æ q. 
Then f(p) = p — 1, f(g) = q — 1 which are both divisible by 2. Thus (p,q) = 1 x 
((p), f(a)) ^ 1. 

The above considered classes of functions do not coincide, as can be seen by various 
examples. A g.p.-function with f(1) = 1 is also an r.p.-function. Indeed, let (a,b) = 1 in 
(2). Then (f(a), f(b)) = f(1) = 1. But conversely, it is not true, an example is F, = 27 +1 
(Fermat numbers). It is well known that (Fa, Fm) = 1 for all n Z m. Therefore, (1) is 
true, but (2) not. Also (2) is not true for (F,). Euler's function y has property (3), but 
(1) is not true, since y(n) is always even for n > 3. Relation (2) is true for f(a) = 2° — 1 
and f(a) = F(a) = Fibonacci number of order a (see Applications of Theorem 2). Clearly 
(2) = (3), since if a|b, one has (a,b) = a and (f(a), f(b)) = f(a) implies f(a)| f(b). But 
(3) = (2); take e.g. f(n) = y(n). The following general results are true: 

Theorem 1. Let f : N — N be at.m.-function. Then f is r.p. if and only if is g.p. 

Proof. If f is t.m., then f(1) = 1, since f(1-1) = f(1)f(1) and f(1) Z 0. If f is g.p., 
then as we seen in the above remarks, f is r.p., too. Reciprocally, let us suppose, that f 
is r.p. Let a = day, b = dbi, with (a1, b1) = 1. Then f(a) = f(d)f(ai), f(b) = f(d)f(bi), 
so (f(a), f(b)) = f(d)(f (ai), f(b1)) = f(d), since (a1, 01) — 1 = (f(ai), f(b1)) = 1. This 
finishes the proof of Theorem 1. 

Theorem 2. Let f be a d.p.-function which satisfies the following property: For all 
x,y € N, a,b € N with ax > by there exist A,B,C € Z such that (C, f(b)) = 1 or 
(C, fla))=1 and 

C f(ax — by) = Af (a) + Bf (b). (6) 
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Then f is a g.p.-function. 
Proof. Let a = da, b = dbi, where (a1,b1) = 1. Thus d = (a,b). Then f being a 
d.p.-function, one has f(d)| f(a), f(d)| f(b), implying 


F(C (a), FO). (7) 


Now, we shall prove that conversely 


(f (a), f (6)1 (d) (8) 


is true, which together with (7) implies that f is g.p.-function. It is well-known that 
there exist x,y € N, such that (a,b) = d = ax — by. Therefore, by (6) one can write 
Cf(d) = Af(a) + Bf(b). Now, let k be any common divisor of f(a) and f(b). Then, by 
the above relation k divides also C'f(d). Since (C, f(b)) = 1, and k divides f(b), clearly 
(C, k) = 1. Therefore k|f (d). This implies (8). 
Application 1. Let f(a) = u* — v^, where u > v, (u,v) = 1. Then f is g.p.-function. 
Proof. Clearly (u* — v*?)|(u* — v") for alb; which follows by an algebraic identity. 


Remark now that 
(uv)? (ua? tv = yor) = UP (uo? = v?) = v? (ue a3 vM). (9) 


Since u^* — v% = (uf — v*)l(u*)*" +... + (v*)"*], etc. one can immediately remark, 


that (6) holds true with 
C = (w), A= (u)... H WT, Bey turo. 
Application 2. Let f(a) = F(a) = Fibonacci number of order a. These numbers are 
defined by F (1) 2 F(2) = 1, F(n+1) = F(n)+F(n—1), (n 2 2). The following identities 
are valid (e.g. by induction) 
Fat F= e S e) (10) 
F(in+m) 2 F(n — 1)F(m) - F(n)F(m--1, (n22), m21 (11) 


Now, (10) implies (F(n), F(n + 1)) = 1. By letting m = (k — 1)n, (k 2 2) in (11) we 
get 
F(kn) = F(n — 1)F((k — 1)n) + F(n)F((k — 1)n 4 1). 
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For k = 2 one has F(n)|F(2n). By admitting F(n)|F((k — 1)n), we get F(n)|F (kn). 
Therefore F is a d.p.-function (indeed, a|b means b = ka). Now, let n = ax — by, m = by 


n (11). One gets 
F (za) = F(n — 1)F(by) + F(ax — by)F(by + 1). (12) 


Here F(ax) is a multiple of F(a) and F(by) a multiple of F(b). Therefore, (6) is 
satisfied with C = F(by + 1), which is relatively prime to F(by), so to F(b), too. Thus F 
is indeed a g.p.-function by Theorem 2. Finally, we state: 

Theorem 3. Let f be an m-function, which is an r.p.-function, too. 

Then g : N > N defined by g(a) = f"(a) has these two properties, too (for any n > 1). 
Here f"(a) = f(f ...(f(a)) ...) is the composition of f n-times at a. 


n—times 


Proof. Let (a,b) = 1. Then f(ab) = f(a)f(b). But (f(a), f(b)) = 1, so f[f(ab)] = 
FIFS] = f |f (a)| fLf(b)]. Thus f o f is an m-function. But it is an r.p.-function too, 
since (f[f(a)], f(f(5)]) = 1 by (f(a), f(b)) = 1 for (a,b) = 1. Theorem 3 immediately 


follows, fro all n, by induction. 
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23 A generalized Pillai function 


Arithmetic functions involving sums on (k,n) where k < n and (k,n) denotes the 
g.c.d. of k and n were considered first by Pillai. Particularly, the function 
P(n) =X (k,n) (1) 
k<n 
is named as ” Pillai’s arithmetic function”, first studied in 1933 [2]. Various extensions or 
analogues have been studied along the years (see [1], [4], [8], [3]). Some of these functions 
were rediscovered by Tabirca and Tabirca [5], [6]. 
Let now f : N — N be an arbitrary arithmetic function and denote 
P(n) = $ f((E,m)) (2) 
k<n 


When f(n) =n, (a € R) we get 





where the function 


k<n 


has been introduced and studied in [3]. For a = —1, this clearly contains also Pillai’s 


function P, since 


des - Y sn) 


k<n 


Therefore, (2) is a common generalization of V, and P. 


Lemma 1. Let P; given by (2). Then 


Pin = > e(4f (5) (3) 
pm 


Proof. Let A = {1,2,...,n}, Ag = {i E€ A: (in) = d}. Then (in) = d & 
(5 z) = l and 1 < d « a Therefore, A; has y (5) elements. Since A — | Aa and 


d|n 


card Aq = o E we have 


Pin) = Y HA = Y cardada: f(d) => f(y (5). 
d|n 


dcA d|n 
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Lemma 2. When f is multiplicative, Pg is multiplicative too. 

Proof. By Pj = f * y - the Dirichlet convolution of f and y; since f * y is known to 
be multiplicative, P, is a multiplicative function. 

Theorem. When f is multiplicative, we have the following relation: 


T Qi 


Pj(n) =] [X foo? - pr) (4) 


i=1 k=0 


where n = lI» is the prime factorization of n > 1 (and p; | :— 0). 
i=1 


Proof. P;(n) = lI 2). since Py is multiplicative. By (3) one has 
i=1 


Qi 


Pe T= p =r e o 


d| P~ k=0 


which is the same as (4). 
Remark. Let f(n) = n°. Then we get 


P,(n) =] [So vie 5 (5) 
i—1 k=0 


Various other relations for particular f can be obtained. For asymptotic relations and 


open problems, see |1], [3], [Y], [8]. 
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24 A note on semigroup valued multiplicative 
functions 


Let (G,*) be a commutative semigroup with unit element, where « : Gx G —^ G 
denotes the semigroup operation in G. We say that a function f : N* — G is (G, x)- 


multiplicative (or " G-multiplicative"), if 


f(ab) = f(a)» f(b) for all (a,b) = 1 (1) 


where (a,b) denotes the g.c.d. of the natural numbers a and b. 

The aim of this note is to prove the following result. 

Theorem. Let f : N* — G be a G-multiplicative function and suppose that f(k) has 
an inverse element f !(k) in G. Then the function Fy : N* — G, defined by 


Fin) = f(nk) x f(k), ne N* (2) 


is G-multiplicative, too. 
Proof. A proof can be obtained by generalizing the idea from [2], but here we shall 
adopt another method. For n € N* and p prime denote a,(n) = t € N if p'|n, p**! 1 m, 


i.e. the greatest power of p which divides n. Then clearly, 


»-[[»- [[ ve; &- [zv - [T »» (3) 


p|k p|n.pfk pln pik,ktn 


by the prime factorization of n and k. Let us denote by IL £p a product (with respect 
pcP 
to the operation *) of elements x, € G, when p runs over a set P. By using (1) and (3), 


a simple calculation gives 
Fn) = TT oe +®) « 71 per], (4) 
pin 
where we used the properties of G and the obvious fact that a * b has an inverse (a « b)! 
in G if and only if a and b have inverses. Of course, (a * b) ! = a! «b !. Now the G- 
multiplicativity of Fẹ follows at once from (4) by remarking that a,(xy) = aj(x) for p|v, 


p|y. Finally, we note that this proof is based on the explicit expression of (2). 
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Remarks. 1) The notion of G-multiplicative functions is a common generalization 
of the classical multiplicative and additive functions. Let (G,*) = (R,-) the set of real 
numbers, endowed with the usual product operation. Then each a € R, a Æ 0, has an 
inverse, so we obtain (with a new proof) the result from [2]: If f is a multiplicative function 
and f(k) £0, then Fi(n) = f(kn)/f(k) is multiplicative, too. We note that this theorem 
extends a result of [1]. 

2) Let (G,*) = (R,+). Then we get the theorem: If f is an additive function (i.e. 
satisfying f(xy) = f(x) + f(y) for (x,y) = 1, then F;(n) = f(kn) — f(k) is additive, 
too. As a consequence we can remark that if f and g are additive functions, then the 
function h defined by h(n) = g(k)f(kn) — f(k)g(kn) is additive, too. This follows from 
the equality h(n) = g(K)|f (kn) — f (k)| — f(k)|g(km) — g(k)]. Another corollary says that if 
f is additive, then for (k,r) = 1, the function s defined by s(n) = f(krn) — f (kn) — f(rn) 


is additive, too. 
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Chapter 4. Divisibility properties of 


numbers and functions 


"... one of the attractions of the subject-matter is that, whilst it is rich in ideas, it requires 


little initiation...” 


(H. Halberstam and K.F. Roth, Sequences, Springer, 1983) 
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1 On a divisibility property 


Let p > 3 be an odd prime (i.e. p > 5). Then Wolstenholme’s theorem asserts that 








1 1 
the numerator of the fraction in 1 4 5 FE... 1 is divisible by p?, in other words, if 
p — 
a 1 1- ue! 
b 1 2' ES 
then 
pla (]. (1) 


By using properties of the field Z,, in [2] it is proved that: 
1) If p > 5 and 








"ETE COMME 
b 12/22 7 (p—-1)? 
then 
pla (2) 
and 
2) If p > 3 and if 
ee E: S| 
b B 7 7T 8 
then 
pla (3) 


We shall determine all positive integers m and k such that: 


3) If 





then 
p' |a. (4) 


Clearly, (1) is not true for p = 3; and p?|a is not generally true (take e.g. p = 5). 
Therefore, for m = 1 we must have k = 2 in (4). 2) is true for p > 5, but p? f a generally. 
Therefore for m = 2 one has k = 1. For 3) we will prove that p?la, but p? { a generally. 


Let us suppose first that m is odd. We will prove that for sufficiently large p, one has p?|a. 
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If m is even, then for sufficiently large p one has p|a. Therefore, one can say that for m 
odd we have k = 2, while for m even, k = 1. 
In the proof the method shown in the Niven-Zuckerman book (|1]) will be used. Let 
m — 2n — 1 (n 2 1). Then 
AD DP Wp-DUT"- . py. 
22n-1 EAS et (p— 1)7-1 ` 
To each member of a corresponds an element 7 € Zp. In fact 


r= C 015 HERE sas (mod p), 
J 





]2^-1 


with 1 < i < p — 1 satisfying 


(mod p). 


72n-—1 


Therefore % = (—1?^71)^! € Zp, and since the inverse is unique, —Z is one of the 2?^71 


powers of d 23 de p — 1. Therefore, 





5)a=—(1+2?"-14...4+(p—1)?""') (mod p) 
But the expression in the right-hand side can be evaluated with the Bernoulli numbers: 
2n—1 1 
12n-1 92n-1 T zs 2n-1 . Lieu B; 
EEUU +...+ (p- 1) 2 mi m1 Bi, 
where By = 1, By = —=, Bons, = 0 are the Bernoulli numbers. This gives 
2n—1 2n 
2n(I 1 2071... + (p—1)"4) = >> zi nap" B. 
i=0 


The right-hand side is divisible by p? by Bon; = 0, and hence p?|2n(1?^^1 +... + 
(p—1)?""'). Let now p — 1 > 2n. Then p?|a, so the assertion is proved. When m is even, 
m — 2n (n 2 1), the proof is very similar, and we omit the details. 
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2 Ona non-divisibility property 


Let n > 1 be a positive integer. An old problem states that 2" — 1 cannot be divisible 
by n. We will prove that 2”-*(™ — 1 is not divisible by n, too (where y is Euler's totient); 
and in fact a more general result will be obtained. Our method is based on the following 


Lemma. Let a > b, (a,b) = 1. Then 
(a^ — b a" — i") = al — po, (1) 


where (u,v) denotes the g.c.d. of u and v. 

For a proof of (1), see [1]; and in more general contexts, see |2] (which shows that 
f (n) = a" — b" is a g.c.d. preserving function). 

Theorem. Let a > b, (a,b) = 1. Suppose that (a, n) = (b,n) = (a — b,n) = 1. Then 

1) n1 (a* — b") 

2) n} (a272) — pec. 

Proof. Let us suppose on the contrary that there exists n > 1 such that 1) holds. 
By Euler's divisibility theorem, for (a,n) = 1 one has n|(a?™ — 1). Now, since af? — 
pe) = (ae — 1) — (pe) — 1), for (a,n) = (b,n) = 1, n divides a?) — bP, so 
by the Lemma n divides also a^ — bt, where d = (n,p(n)). For d = 1 we would have 
n|(a — b), which is impossible by (a — b,n) = 1. Therefore d > 1. On the other hand, 
(a,d) = (b,d) = (a — b,d) = 1 (d being a divisor of n) and d « n by y(n) « n for 
n > 1. Then continuing indefinitely, one obtains an infinite sequence (dj) of positive 
integers which is strictly decreasing. This is impossible (i.e. we have applied the well- 
known Fermat descent method). This proves 1). 


Ramarking that (n — y(n), y(n)) = (n, o(n)), by the Lemma 


(are) _ pr ee) ge) — pe) = (a^ — b^, af — pem) 


so 2) follows at once. 
Remarks. Let b = 1. Then n | (a” — 1) if (a, n) = (a — 1,n) = 1. This is true for 


a = 2. In this case n [ (2^-* 0? — 1) is also true. 
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3 On two properties of Euler’s totient 


Let y be Euler’s totient. The following two properties of y are well-known: 
(1) If (a, n) = 1, then n|[a?™ — 1] (Buler’s theorem); and 
(2) If a > 1 then n|y(a” — 1) 
which as far as we know was first discovered by U. Scarpis [1] (see also Guderson [3], 
Rotkiewicz |2]). The aim of this note is the characterization of functions f : N* — N* 
such that: 
(3) For (a, n) = 1 we have n|[af™® — 1] and 
(4) For all a > 1, n| f(a” — 1). 

We shall prove that (3) and (4) are valid if and only if 
(5) w(n)|f (n) for all n. 

First, let us suppose that (5) holds. Then since (a* — 1)|(a" — 1) for k|m, from (1) and 
(5) it follows that (3) is true. Now, by (2) and (5) we have n|y(a" — 1)| f(a” — 1), so (4) is 
also true. Reciprocally, let us suppose that (3) is true. Let us consider the multiplicative 
group Z; of reduced classed (mod n), i.e. à € Z; if (a,n) = 1. This is a finite group 
of order y(n). Now it is well-known that in a finite group if a^ = e (e = unity element), 
then k is multiple of order of the group. In our case (3) means that af(™ = 1 in Zr, 
therefore o(n)| f (n). By (2) we get m|y(a™ — 1)|f(a™ — 1) (here n = a™ — 1), so (4) is a 
consequence of (3). In fact, (1) is a consequence of the known fact that in a finite group G 
of order t, one has x’ = e (x € G). For a proof of (2) let us consider the group Z*,_,. Then 
(a,a^ —1) 2 1anda"^ 21 (mod a”-— 1), but a? Z 1 (mod a^ — 1) for s< n. Therefore 
the order of @ is n. This must divide the order of the group, as it is well-known. (This 
follows also from Lagrange's theorem, which says that the order of a subgroup divides the 
order of the group - here one considers cyclic subgroups). Other similar properties of y 


are included in [4]. 
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4 Ona conjecture of Smarandache on prime 


numbers 


Let p, denote the n-th prime number. One of Smarandache conjectures in [3] is the 


following inequality: 
Pn+1/Pn < 5/3, with equality for n = 2. (1) 


Clearly, for n = 1, 2, 3, 4 this is true and for n = 2 there is equality. Let n > 4. Then 
we prove that (1) holds true with strict inequality. Indeed, by a result of Dressler, Pigno 
and Young (see [1] or [2]) we have 


Diu < 2p,. (2) 
Thus p,,1/p, € V2 < 5/3, since 3V3 < 5 (i.e. 18 < 25). This finishes the proof of (1). 
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5 On consecutive primes 


Let p, denote the nth prime (pı = 2, pə = 3,...). In paper [2] it is conjectured that: 


E 5 
Pngto (1) 


with equality only for n — 2. In what follows we shall prove the stronger relation: 


Pny 3 
ae KS 2,4 2 
mi cS (nz24 (2) 
3 5 | 

with equality for n — 1. Since 9 < 3) clearly (2) improves relation (1) for n # 2,4. We 
have 

p 23 ps 5 S 3 p 7T 3 ps 11,3 

p 2? pm 3 2? p 5 2 m T 2? 

Thus (2) is not valid for n = 2, 4. 





Let now n > 4. By a result of Dressler, Pigno and Young [1] one has: 
Pa < 2p%,. (3) 


D 3 
Thus, by (3) we can write Euer soe 5 for n > 4. 
Dn 
Clearly, relation (1) holds true for all n, with equality only for n — 2. 


In paper [2] it is conjectured also that: 





1 1 1 
i = (4) 
Pn Pri 6 
By (2) one has: 
1 1 3 1 1 1 1 


< 


= SS Ss =>. for n Z 2,4. 
Dn Pn+1 2 Pn+1 Pn+1 2 Pn+1 








1 
By < 3° this yields relation (4), which holds true also for n = 1,3 (direct 


Pn+1 
verification), with equality only for n = 1. 


As an application of (2) and (1) note that an improvement of the well-known relation: 
Pn + Pn+1 = Pn+2 (5) 
can be deduced. Indeed, 


2 5 
Pn + Pay 2 gPa + Pati = gPa > Pn 
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by (2) and (1). Thus, one has: 


5 
Pn + Pn+1 > 3Pnn = Pn+1 (n * 2, 4) (6) 


which sharpens relation (5). 


2. A similar relation to (5) and (6) follows by the above proved inequality: 


1 1 1 1 
< 


Pao uii  2Pny 





and the known relation p,45 < 2p441 (which is a consequence of the Chebyshev Theorem, 
that there exists a prime between a and 2a for a > 2, see [5]). 


We can deduce: 
1 3 1 1 1 
« « | 


<=. : 7 
Pn 2 Pn+1 Pn+1 Pn+2 ( ) 
3. The Open Question 171 by Mihály Bencze (Octogon Mathematical Magazine, 


vol.6(1998), No.2, pp.219) asks for the inequality 





EEE By < 1,34. (8) 


In fact, we shall prove that Ine Up. <0 for n = 5. 
p 


This is equivalent to: 


Dn24A < D n > 5. (9) 


We note that by the prime number theorem, p, ~ nlogn (n — oo) (see e.g. [5]) it 
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Pe S aeos OO, SO Prost < 1 for n > no, but this "ng" cannot be 


determined by this way. Thus inequality (9) can be much improved for greater values of 


follows easily 





n. However, we shall apply here a general simple method based on the Rosser-Schoenfeld 
inequalities (|3]): 
Pm < mlogm + mloglogm (m > 6) (10) 
Pm > mlogm (m > 2) 
Now, since 


log(a + 1) — log a < ———— 
Bl ) ? a(a + 1) 


236 


(see e.g. [4]) and 
logx<ax-1 (r0) 


we have 


1 
log(n? + 1) « logn? 4 — 2logn 4 


l 
n?(n? 4- 1) n/n? +1 


By using the first part of (10) with m = n? + 1 (n > 3), and the second part of (10) 





with m — n, it is immediate that to prove (9) it is sufficient to deduce an inequality 
4(n? + 1)logn < n?(logn)?. 
Putting n? — t this becomes equivalent to 


1 
logt > 8 (1 + r) ; (11) 


1 
With the increasing function f(t) = log t— 8 (1 + 7) it can be proved that (11) holds 
true e.g. for t > e°. Thus (9) is proved for n > Ve? = e*5; for 5 < n < e* a direct 
computation can be done, and this finishes the proof of (9). 
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6 On Bonse-type inequalities 


1. Let p, be the nth prime. Euclid’s proof of the infinitude of primes implies p,41 < 
Pip2---Pn — 1 (indeed, the least prime divisor of the right side is distinct from each of 
P1, P2, - --, Pn, 80 is at least ps4). 

In what follows, by similar simple considerations we shall deduce some results, which 
particularly contain the Bonse inequalities ([1]). G. Pólya applied the method for Fermat 
numbers F, = 27 *! and deduced p,» < 2?" + 1 ([2]). 

P. Erdós has proved the following (see [3]: If 1 < a1 < ag «€ ... < ay € xis a sequence 
of integers such that none of them divides the product of others, then k € a(x), where 
n(x) denotes the number of primes < zx. 

This implies p; < aj. Indeed, if aj < ppg, then (aj) € (py) = k and applying Erdés’ 
theorem for x = a; one can write k < (aj) € k, i.e. 1(aj) = k, impossible. 

2. Let us consider now the sequence of general term aj = kpipo...ps-1— Pn (n > 2 
fixed). Clearly a1 < ag < ... < a, with s = p,_; and Euclid's theorem implies a; > 1. On 
the other hand, (a;,a;) = 1 for 1 € i,j € s; since if there would be a prime p dividing 
a; and aj, then p would divide also a; — a; = (j — i)pipa... pai, and since j — i < paa, 
by p € pa-1 the term a; would not be divisible by p. By Erdés’ theorem p,-, < (x) if 


fy, 4 Pipa.e P71 — Pn, SO 
ipi...Pua-£Pnei- Pn = Pon- (nz 3) (1) 
By taking s = p, — 1, then j — i € p, — 2 and the above method gives 
Dip on È PiP. - : Pn-1 + Pn + Ppr (n È 3) (2) 
We note that this implies the famous Bonse inequality 
P12.. -Pn > Payı (N4) (3) 


Indeed, for n < 8, a direct computation can be done. For n > 9 by induction it follows 


Dn > 2n + 5. It is immediate that 


pip. pu > (pipa ps], 
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so applying (1) to Is in place of n, we get 


and 


SO D1p2...Dn > Biz 
3. Let now by = kpipa...pa-i1 — p? (n > 4). By Bonse's inequality one has 1 < b4. 
On the other hand, bı < b < ... < bp, and (bj, b;) = 1 (which can be proved as above). 


Therefore we get 
pipa... Du = papa -Pai Pn Pon- (n 2 4) (4) 
Applying (1) for n — 1, (2) for n — 2, we obtain 
Pipo- -Pn > Pn-1 + Ppi + Pp.-ict Ppnyi-1 + Pa (N x6) (5) 
Now, remark that p1po .. . Pn > (papa .. Pin)” It is easy to see that for k > 17 one has 


pr > 3k +7 (indeed, prs = 53, 3:15 +7 = 52). Then p, 2 3 (5 2 1) deg. 


3 
Bonse's second inequality 


Dipi...Du > Pp, is true for n > 5. (6) 
4. If cy = kpipa ... pai — p2, all method can be maded once again, and it follows 
pipa...Dn > pipa... Pn-1 + D pp... (n> 5) (7) 
and applying it once again: 
Dipa...Da È PIP? ++. Pn—2 + Paca Ppa1—1 > 293-1 + Ppa- d (8) 


At last, notice that Erdós' theorem has a simple proof: By decomposing in prime 
powers all of the k numbers, then each number a; has a prime pp, which has a higher 


power than all the others. Since each a; has a such prime divisor, clearly k < m(x). 
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7 On certain inequalities for primes 


Let p, denote the n-th prime. The following Open Problem proposed by M. Bencze 
has five parts, namely: 

i. Determine all a > 0 such that p2,5 X pp, + pr 

ii. Determine all 8 > 0 such that pos € ph p +... +p 

iii. Determine all y > 0 with ppl € Ph? + pz? 

iv. Determine all 6 > 0 so that p>, < p>, p) 


< 2pt Dii 
uni D5, P ii i 





v. Determine all € > 0 so that p?» 
First remark that v. is false for all € > 0, since written equivalently: 


ee 2 r 
“ae 
Pn+1 Pn Eur Papi 








3 
Pn+2 





since p; < p; ,,. On the other hand > 1. Relation iii. is trivial for all ^; > 0 since as 


Dna 
can be easily seen, it can be written equivalently as 
PrPnsi S Paral Pa + Pr4a)s 
and this is trivial since 
Ds epi Jus qu pue 
To obtain a strong inequality of this type, remark that 


Pn Dni — Pn+2 





1 1 1 
< 
(see [3]). Now, by the following Lemma, for all 0 < y € 1 one has 
1 E ( 1 ! 1 ) 2 1 1 
Dn Dn4A | Pn+2 B D | Phyo 


1 1 1 


yla ta 
Pn Pny — Puja 


for all 0 < y < 1. Relation iv. is not true, since it is well known by a result of Erdös and 





therefore: 





Turán [2] that p24. > Pn+iPn for infinitely many n. Inequalities i. and ii. are true for all 


0«a € 1 and 0 « B € 1, and this is based on the following: 
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Lemma. Let a,b > 0, 0 « a € 1. Then (a+ b)* € a? + 0%. Fora > 1, we have 
(a -- b)* » a%+b*. 
Proof. This Lemma is well-known, so we give only a hint for proof. By putting I e 


a+b 
x, the first inequality states that 


f(z)—-z*-(1—-zx)?^—120 (for0<a< 1). 


By extending the definition of f to [0,1] and using a little differential calculus, the 
result follows. Now, in i. we must have 0 < a < 1, since for n = 1 we must have 
5^ < 2% + 3* and by Lemma this is true only for 0 < a < 1. Now, by pai» € pna + pa 
one can write 

Poa S (Pi + Pn)” S Pri + Pr: 

Therefore i. is valid for 0 < a < 1. The same is true for ii. Indeed, for n = 1 we must 

have 5? < 2% + 3° and this yields 0 < 8 < 1. We now prove by induction that ii. is true 


for all n. By pai» € Pn+1 + Pn one has 


Prva < (Dn41Pn)? < Pa + D, 


(see Lemma) 





Ep +p 
So, if the property is true for n — 1, it is also true for n. 
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8 On certain new conjectures in prime number 


theory 


The OQ.413 [1], M. Bencze states the conjecture that if p, denotes the n-th prime 
number, then with pi,po,...p,2 it is not possible to construct a magic square. 


Let d be the magic constant of such a square. Then clearly the sum of all rows is nd, 


y» 7 — nd. 


kn? 


This particularly gives the divisibility property 


n|(pi + po +... + ps2) (1) 


Ley n be even. Then p; + po +... + ps? contains an odd number of odd primes, so 
it is odd. Since pı = 2, pı +... + p, is odd. Therefore (1) cannot be true for n = even. 
This shows that the above conjecture is true for n even. For n = 3, however, (1) is true. 
For n = 5, it is not true. In the book [2], by Rouse Ball one can find that J.N. Muncey 
in 1913 constructed a magic square of 12th order which involve the first 143 odd primes 
and 1, namely 1, 3, 5, 7, 11,..., 827 (and this cannot be true for squares of order n < 12). 


Now, this result for general n raises the problem 
n|(pı + paseo Peat — 1) (2) 
which is true for n = 12. Since pı + pa +... + pn? = (1+3 +... + pn2-1) + (prz + 1), if 
n|(Pn2 + 1) (3) 


then if (2) is true, clearly (1) cannot be true, and vice-versa. The curious divisibility 
property (3) is true for n = 1,2,3,8, 12,37, 72 etc. I conjecture here that (3) holds true 


for infinitely many n. A similar conjecture would be 


n|(Pr2 — 1) (4) 


This is true for n = 1,2,4,6, 10, 11, etc. Probably, there are infinitely many. I cannot 
decide for what odd numbers n, relation (1) holds true. The same for numbers n with the 


property (2). I conjecture that (1), as well as (2), hold true for infinitely many n. 
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9 On certain conjectures by Russo 


In a recent note [1] F. Russo published ten conjectures on prime numbers. Here we 
prove three of them. (For solutions of other conjectures for large n, see [2]). 


Conjecture 3 is the following: 





eV init fev < eVs fev à (1) 


Written equivalently as 





Eier ba. « AERE. 


i e E (2) 


For n < 16, (2) can be verified by calculations. Now, let n > 17. Then p, > 3n. 


we have to prove that 





Indeed, pj; = 53 > 3-17 = 51. Assuming this inequality to be valid for n, one has 
Pati > pa +2 > 3n +2 so p,41 > 3n +3 = 3(n + 1). But 3(n + 1) is divisible by 3, so 


1 
Dn41 > 3(n + 1). Since Lr 
Pn+1 





1 
< 3? it is sufficient to prove that 


V o> Je T. 


3 3 1 1 
i.e. 34 > Flor22»3[——- —], ie. 2V10 > 3 (v5 — V2). This is easily seen 
V5. v2 (z A ( ) d 


to be true. Therefore (2), i.e. (1) is proved. 











Remark. The proof shows that (2) is valid whenever a sequence (pn) of positive 
integers satisfies p, > 3n. 


Conjecture 5 is 
log dn — log Vda < ani, where dn = Pn41 — Pn- (3) 
By log Vd, = 5 log dn, (3) can be written as 
log dp < n?/19, (4) 


It is immediate that (4) holds for sufficiently large n since d, < p, and log p, ~ logn 


(n — oo) while log n < n3/!° for sufficiently large n. Such arguments appear in [2]. 
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Now we completely prove the left side of conjecture 8. We will prove a stronger 


relation, namely 





n -1 n 
V Dn4A — 108 Pn4A Sd quem (5) 

VPn — log Pn 
V3 — log 3 
V2 — log 2 


positive numbers is 


Since < 1, (5) will be an improvement. The logarithmic mean of two 


b—a 
Eg pp mus 
(a 6) log b — log a 


It is well-known that L(a,b) > Vab for a 4 b. Now let a = p,41, b = py. Then Vab > 
Ja+ vb is equivalent to ,/Pn41 (Pn — 1) > pas IE af co 1, i.e. pn > 4 (n 3) 


this is true. Now, 





Pn+1 UV Dn 
log Pn+1 — log p, 





> VPnPn+1 P VPn i VPn+1 


gives 
Pn+1 — Pn 


VPn+1 T V Pn 


> log Pn+1 = log Pr, 


V Pn+1 — log piii > VPn = log pn- 


This is exactly inequality (5). We can remark that (5) holds true for any strictly increasing 


positive sequence such that p, > 4. 
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10 On certain limits related to prime numbers 


1. Let p, denote the nth prime number. The famous prime number theorem states (in 


equivalent form) that 
Pn 








— l as n > ov. (1) 
nlogn 
(In what follows, for simplicity we will note zn — a when lim x, = a). There are some 
immediate consequences of this relation, for example: 
Pn44A 
A (2) 
Pn 
log pn 
SEMEL SHE (3) 
logn 
Without logarithms, (1) and (3) have the form 
nues (4) 
pile” — e, (5 
From (2) easily follows 
VD» > 1; (6) 
while (1) and (2) imply 


nlogn 
In paper [1] there were stated a number of 106 Conjectures on certain inequalities re- 
lated to (pn). The above limits, combined with Stolz-Cesaro’s theorem, Stirling’s theorem 


on n!, simple inequalities imply the following relations (see [7], [8]): 





logn 
1 ] ^99 (8) 
Pi 7 pe 
n(n + 1) 
———logn 
2 
Plog nj 
: 10 
lgp, a 


n Pn+1Pn+2 > b (11) 
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VPIP2- -Pn | 0: (12) 





n! 
mu PH 965: (13) 
a — 0; (14) 
i 0 (15) 
Dip2-...Dpn 
CUN m 





pu + Par +... + Pr! 
log log pri — log log pn 





— 0; (17) 























— 0; 18 
log Pati — log Pn 

1 Pn+1 — pPn 
log É E ead (19) 

Pn Pn+1 — Pn 
lim sup (== =? ) = +00; (20) 

Pn+1 — Pn 
lim inf (J/PnaiPna2 — /PnPn4i) = 0; (21) 
lim inf (Pus = PL) = 0; (22) 
lim sup (Pius - Prva) = œQ; (23) 
1 

lim inf p? (J/puai — V/Pn) = 0 E € (o. ;)) ; (24) 
limsup pa * (Psi — pa) = +00 (k22, KEN), ete. (25) 


With the use of these limits, a number of conjectures were shown to be false or trivial. 


On the other hand, a couple of conjectures are very difficult at present. Clearly, (24) 


implies 
ss Dn41 — Pn 
lim inf —— ——— = 0. 26 
MU (26) 
A famous unproved conjecture of Cramér [3] states that 
lim inf Pett — Pn — (27) 


(log pn)? 


If this is true, clearly one can deduce that 


lim sup (logp,)? = 
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Even 

Pn+1 — Pn 
(log pn)? 
seems very difficult. A conjecture of Schinzel [2] states that between x and x + (log x)? 


lim sup (29) 


there is always a prime. This would imply p, < Pnsi < Pn + (log pn)’, so 


VPn 


Probably, this is true. A result of Huxley [4] says that with the notation dn = Pn+1 — Pn 














"E 1 
one has d, < pie (e > 0), and the Riemann hypothesis would imply dn < pi". Even 
dn 
these statements wouldn't imply (30). Erdós and Turán [5] have proved that Z= > 1 
dm T" . 
for infinitely many n, while 3l < | for infinitely many m; probably 
$ dai 
lim sup aem +00 (31) 
is true. 
2. In [12] it is shown that 
lag, 558 Sa (32) 
n 
Therefore 
Pn+1 Pn 
log Pn41 — ——— — log ps + — — 0, 
OB Pn+1 Wap SERO LT 
so by putting £n = M m by log pnii — log p, — 0, we get 
n-c-l nm 
Ln 0. (33) 
Thus 
|Zn| — 0, (34) 


implying |x,| < 1/2 for sufficiently large n. This settles essentially conjecture 81 of [1] 
(and clearly, improves it, for large n). Now, by a result of Erdós and Prachar [6] one has 
cı log? p, < M [xs] < eolog? pn 

m=1 
(c1, C2 > 0 constants), so we obtain 


lim sup (= we ==) « 00} (35) 
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lim inf (= an y = E es (36) 
log" pn 


it would be interesting to obtain more precise results. By applying the arithmetic- 


geometric inequality, one obtains 


n 
ores Pads . 4|!" < oo. (37) 





lim sup 


What can be said on lim inf of this expression? 
3. In paper [11] there are stated ten conjectures on prime numbers. By the following 
limits we can state that the inequalities stated there are true for all sufficiently large 


values of n. By Huxley's result (for certain improvements, see [2]), 





n?d,, ne , 
Dn4APn = n5/12— (log n)S/12-e SPA 
so if a < 5/12 — £, we have 
Panti — Pn -p-a 5 


Dn4A + Pn 
for sufficiently large n. This is related to conjecture 2 of [11]. 


We now prove that 
7108 Pnt+1 


—— SI 
(n+ l)esm ^07 (39) 


log 127 


log « 1 and 3 log 113 > 1. In order to prove 





this settles conjecture 7 for all large n, since 


log pn 
(39), remark that the expression can be written as (A) . (rfe E psc oem Now, 
log n] 108 Pn/logn 
n-41 nom L 
n 


TE 
n + 1\ ees " 
» — 
log 


logn n 4 
1 1 n 
[x =|). E den 
n n 


and apply relation (3). Therefore, it is sufficient to prove 











since 








plosPnti—logPn y]. (40) 


By Lagrange's mean value theorm applied to the function t + logt on t € [Pn, Pn41] 


we easily can deduce 


Pn+1 — Pn < log Pn u log Dn < Pn+1 — Pn 
Pn+1 Pn 
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Therefore, it is sufficient to prove 
nPrti—Pn)/Pn _, J. (41) 


niPnti—Pn)/Pnt1 _, 1. (42) 


By (2), (42) follows from (41). Now, for (41) it is enough to prove (by taking logarithms) 


hat es logn — 0, or, by using (1); that 
Pn 
n 


This is stronger than (7), but it is true, and follows clearly e.g. by d, < n//!?**. This 
finishes the proof of (39). 


Conjectures (8) and (10) of [11] are clearly valid for sufficiently large n, since 














VPn+i — log pua 
D den —1 (44) 
and 
V Dn — log pnaa -A (45) 
Pny — log ps 
Indeed, 
y Dn (1 = log Pn+i/V/Pn+i) dna (; z) —d. ei 
Vin (1 — log pa/ Pn) 120/7? 77 
Now, conjecture (9) is true for large n, if one could prove that 
(log Dn41) VP^ NN (46) 
(log p.) v?» 
log p.41 V Y?" 
Since this expression can be written as e (log p,) VP^*1-V?^. we will prove 
OB Pn 
first that 
(log p, ) VP» ^ VP» — 1. (47) 
By logarithmation, 
d 7/12+e 
(VPn+1 — VPn) log log pn = ——————— log log pn < log log pn — 0, 


VPn + /Pn+1 2/P, 
so indeed (47) follows. 
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Now, the limit 





vn 
log Pn 

log Pn 

seems difficult. By taking logarithms, ,/p, log (n) — 0 will follow, if we suppose 
that 

log pn 1 
log ( eee =) < (49) 

log Pn n 


is true for sufficiently large n. This is exactly conjecture 6 of [11]. Now, by (49) we get 
(48), since clearly Vin — 0 (e.g. by (1)). Therefore one can say that conjecture 6 implies 
conjecture 9 in [11] (for large values of n). 

4. I can prove that Conjecture 6 holds true for infinitely many n, in fact a slightly 


stronger result is obtainable. The logarithmic mean L(a, b) of two positive numbers a, b 


is defined by 





It is well-known that (see e.g. [13]) 














b 
vab < L(a,b) < a ; 
Thus 
(“Best 2) = log(log pn41) — log(log pn) < 26 Rite Rae 
log Pn Vlog Pn log pu. 
Pn+1 — Pn e Pn+1 — Pn . 1 - bn 
VPnPn+1 log p, log Pn+1 log Pn Pn Pn 
Now, if 
Pn 
bn < —, 50 
5 (50) 


then Conjecture 6 is proved. The sequence (bn) has a long history. It is known (due to 
Erdós) that b, < 1 for infinitely many n. Since Enc 1, clearly (50) holds for infinitely 
n 
many n. It is not known that 
lim inf b„ = 0, (51) 
but we know that 


lim sup bn = +00. (52) 
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The relation 


by +b2 +... b 
n 





—1 (53) 


is due to L. Panaitopol, many other results are quoted in [9]. 


Remarks. 1) Conjecture 5, i.e. logd, < n 


3/10 is true for large n by Huxley’s result. 


2) Conjectures 3 and 8 (left side) are completely settled by other methods (|10]). 
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11 On the least common multiple of the first n 
positive integers 


1. A. Murthy [1] and F. Russo [2] recently have considered the sequence (a(n)), where 
a(n) = [1,2,...,n] denotes the l.c.m. of the positive integers 1,2,...,n. 
We note that a(n) has a long-standing and well known connection with the famous 


” prime-number theorem". Indeed, let A be the Mangoldt function defined by 


logp, ifn = p" rime 
Gey EP p* (p prime) 


0, otherwise 


Put v(x) = An, known as one of the Chebysheff's function. Now 


XC A(m) = p» log p — log I] p. 


msn pk<n pl n 
Let kp be the largest positive integer with p*» < n. Then 
log I] p™ = log a(n) 
pan 


on the base of the known calculation of l.c.m. Therefore 
a(n) = e*( (1) 


where e* = exp(x). By the equivalent formulation of the prime number-theorem one has 
y(n) 


— l as n — œ, giving by (1): 
n 


lim yaln) =e. (2) 


n— o0 


Now, by Cauchy’s test of convergence of series of positive terms, this gives immediately 
that 


Ns and NU (3) 


n>1 n>1 


are convergent series; the first one appears also as a problem in Niven-Zuckerman [3]. 
Problem 21.3.2 of [4] states that this series is irrational. A similar method shows that the 


second series is irrational, too. 
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2. Relation (2) has many interesting applications. For example, this is an important 
tool in the Apéry proof of the irrationality of ¢(3) (where ¢ is the Riemann zeta function). 
For same methods see e.g. Alladi [7]. See also [8]. From known estimates for the function 
w, clearly cs deduce relations for a(n). For m Rosser and Schoenfeld [5] have 

viz w(x 


shown that —— takes its maximum at x = 113 and —— < 1.03883 for x > 0. Therefore 
c 


x 
( V a(n)) takes its greatest value for n = 113, and 


Va(n) < e388 for all n> 1. (4) 


530 532 
Costa Pereira [6] proved that —— « vx) for x > 70841 and vie) < — for x > 
531 x x 531 
60299; giving 
ere! < cr atn) «ce I9. for n > 70841. (5) 


A. Perelli [9] proved that if N?** < H < N, then y(x + H) — y(x) ~ H for almost all 
x (0 € (0,1) is given), yielding: 


a(n + H) 


"eS ~ H for almost all n, (6) 


log 


for Vere HUNE 
M. Nair [10] has shown by a new method that X yn) > ax? for all x > xo, where 


nír 


a = 0.49517 .. .; thus: 
` loga(m) > an? for n > no. (7) 


m<n 


Let A(x) = y(x) — x. Assuming the Riemann hypothesis, it can be proved that 
A(x) = O (vz log?’ £); i.e. 


loga(n) — n = O (V/nlog? n). (8) 
This is due to von Koch |11]. Let 
1 x 
D(x) = F IA(t)|dt. 
T Ji 


By the Riemann hypothesis, Cramér [12] proved that D(x) = O (vx) and S. Knapon- 
ski [13] showed that 


log x 





D(x) > yz exp (-< - log log log) ; 


log log x 
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Without any hypothesis, J. Pintz [14] proved that 
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Chapter 5. Some irrationality results 


"... it is often possible to attain by elementary methods results which are inaccessible to 


the powerful analytic methods which operate so successfully in other cases...” 


(A.O. Gelfond and Yu.V. Linnik, Elementary methods in the analytic theory of 


numbers, Pergamon Press, 1966) 
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1 An irrationality criterion 


There are many results on the irrationality of infinite series. These results are proved 
sometimes by Euler-type arguments or by some special tools from diophantine approxi- 
mation theory (see e.g. [1-3]). 

In what follows, we will obtain by very simple arguments a general theorem on the 
irrationality of some series and - as we shall see - with non-trivial applications. See also 
[4]. 


Theorem. Let (pn), (qn) be sequences of natural numbers and 


Un = X px /de: gu dus 
k=1 


Suppose that the following conditions are satisfied 
1) dn > 1, n=1,2,...; Pn > 0 for infinitely many numbers n; 


2) there exists a sequence (an) of real numbers such that |u,, — Un| < an, for all 


m,n = 1,2,..., M >n; 
3) lim ap[qi,---,Qn] = 0, where [qi, ..., qu] denotes the least common multiple of the 
numbers qi,..., qn- 


Then the series ioa. is convergent and has an irrational value. 

Proof. Condition (3) implies a, — 0 (n — oo), so by (2), the sequence (un) is 
fundamental. It is well-known that such a sequence must be convergent, let 0 be its limit. 
Let us assume now that 0 would be rational, i.e. 0 = a/b with a,b € Z, b > 0. Letting 
m — oo in (2) we get 


< an, 





| a 
b 
i.e. 
lajqi, ..., qa] — bhal biais sodali (*) 
where h,, denotes the numerator of the fraction in u,, = DE Pr/ qi, after we have effectuated 


k=1 
the common denominator. Using again (3), we find that the right side of (*) is inferior 
of 1 for sufficiently large n (n > no). On the other hand, the left side of (x) is an integer 


number, so evidently alq,.-., qn] — bhn = 0, n 2 no. 
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Thus un = h«/|g,...,9.] = p/b = constant for n > no. Since Un+ı = Un + Pn/qn and 
Pn < 0 for infinitely many a, on base of (1), this condition is impossible. In other words, 
we have obtained a contradiction which finishes the proof of the irrationality of 0 and 
thus of the theorem. 

Corollary. Let (an) be a sequence of real numbers with the property n!a,, — 0 (n — oo) 
and let (pn) be a sequence of natural numbers, satisfying 

i) Pn > 0 for infinitely many numbers n; 

ti) Pnti € 2pn, for all sufficiently large n; 

iii) Pnti/(n +1) <nla,/2, for all sufficiently large n. 

Then an is irrational. 


n=1 
Proof. Apply the theorem with qn = n!. Then (1), (3) hold trivially, so we have to 


prove relation (2). We have 














Ju ii edes p o Pnt2 | j Pm P 
mom (nt ara 7 (nc-2)(n43)...(n4-m—nm) 
Pari 2 2: NB A oio 
(n-1!| 'n42 n4 2 SEIS 














since (ii) implies p, 44, < 271p, ,, and 1/(n--2)(n +3) < (n4-2)?,...,1/(n-2)... (n 


m — 1) < (n 4- 2)7"*? are immediate, for all sufficiently large n. Now, 





lus — tin] < PE (1 — (2/(n + 2)"77)/0 = 2/( + 2) < an, 
by (iii). Thus the theorem may be applied to this particular case. 


i 
Application. x oa 


Prock One has da + 1)| € In(n +1) < 2(Inn — 1) by n? > e?(n +1), true for large 
n. Since 2(Inn — 1) < 2[In n], (ii) holds true. Let a, = In(n + 1)/(n!,/n). Then, clearly, 





€ Q (where [z] is the integer part of x). 


n'an — 0 (n > oo) and 
Pnai/(n +1) € In(n + 1)/(n +1) € n!In(n + 1)/(2nN/mnÓ) 


since 2J/n < n + 1. So, condition (iii) is also verified; therefore the corollary gives the 


irrationality of the above series. 
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Remarks. 
1) The proof shows that one can assume (pn), (qn) integers, qn > 1, pn > 0 for infinitely 
many n. 


2) For a recent application of the Theorem of this note, we quote [5]. 
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2 On the irrationality of certain alternative 


Smarandache series 


1. Let S be the Smarandache function. In paper [1] it is proved the irrationality of 


oo 


S(n 
J PR We note here that this result is contained in the following more general theorem 
n! 
n=1 


(see e.g. [2]). 
Theorem 1. Let (x,) be a sequence of natural numbers with the properties: 
(1) there exists ng € N* such that x, € n for all n > no; 
(2) tn < n — 1 for an infinity of n; 
(2) c for infinitely many m. 


Then the series J x is irrational. 
n 


m-l ^" 


2 
By letting £n = S(n), it is well known that S(n) € n for n > no = 1, and S(n) € 3” 
2 
for n > 4, composite. Clearly, 3^ « n — 1 for n » 3. Thus the irrationality of the second 


constant of Smarandache ([1]) is contained in the above result. 


i S(n 
2. We now prove a result on the irrationality of the alternating series 1 (ce 
n! 
n=1 


We can formulate our result more generally, as follows: 

Theorem 2. Let (an), (bn) be two sequences of positive integers having the following 
properties: 

(1) n|a1a2 ...a4 for all n > no (no € N*); 


b 
(2) DERE e nete for n > ng; 
Gn41 
oo 
(3) bm < am, where m > no is composite. Then the series V is 
n=1 
convergent and has an irrational value. 


Proof. It is sufficient to consider the series »- (—1)*71 ———" —.. The proof is very 
0102... An 


bn 
similar (in some aspect) to Theorem 2 in our paper [3]. Let x, = —————— (n > no). 
Q142... An 


n-no 


1 
Then z, € —————— —> 0 since (1) gives a,...a, > k — oo (as k — oo). On the other 
Q1... An—1 
hand, z444 < £n by the first part of (2). Thus the Leibniz criteria assures the convergence 


of the series. Let us now assume, on the contrary, that the series has a rational value, 
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a 
say g First we note that we can choose k in such a manner that k + 1 is composite, and 


k > no. Indeed, if k +1 = p (prime), then ate cen 
p-1 c(p-1) 
arbitrary. Then 2a(2ar? + 2r) + 1 = (2ar + 1)?, which is composite. Since r is arbitrary, 


. Let c = 2ar? + 2r, where r is 





we can assume k > no. By multiplying the sum with a41a2...a;, we can write: 


k 


Q1... Ok — n—101--- ík k bu bk+2 j 
q— = (1) Pb, + (1) ( = 2 


Q1... An Ak+1 Qk414k42 











n-no 


The alternating series on the right side is convergent and must have an integer 











E f . b b b 
value. But it is well known its value lies between “2 — End and —*H, Here 
b b Ak+1 Ak+14k+2 Ak+1 
EOD 77 _ » (0 on base of (3). On the other hand ““ < 1, since k +1 is a 
Gk 1 Gk E10 k4-2 Gk 1 





composite number. Since an integer number has a value between 0 and 1, we have ob- 


tained a contradiction, finishing the proof of the theorem. 


vci paciS(n) 
Corollary. J (—1) ird 
n=l 
Proof. Let an = n. Then condition (1) of Theorem 2 is obvious for all n; (2) is valid 


is irrational. 


with no = 2, since S(n) € n and S(n +1) <n4+1=(n+4+1)-1< (n+1)S(n) for n > 2. 
2 

For composiye m we have S(m) < gin «m, thus condition (3) is verified, too. 
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3 On the Irrationality of Certain Constants Related 


to the Smarandache Function 


1. Let S(n) be the Smarandache function. Recently I. Cojocaru and S. Cojocaru [2] 


-4 S(n 

have proved the irrationality of p? UM 
eu nl! 

The author of this note [5] showed that this is a consequence of an old irrationality 


criteria (which will be used here once again), and proved a result implying the irrationality 


of 2o 


= 51 
E. Burton [1] has studied series of type ` or which has a value € (: E. >) : 
k=2 ý 





: k 
He showed that the series ` C2 is convergent for all r € N. I. Cojocaru 





(k+r)! 
k=2 
and S. Cojocaru [3] have introduced the ”third constant of Smarandache” namely 
s I 71 97 
2. SSG)... Sn) which has a value between 100 and 100" Our aim in the follow- 


ing is to prove that the constants introduced by Burton and Cojocaru-Cojocaru are all 
irrational. 
2. The first result is in fact a refinement of an old irraionality criteria (see [4] p.5): 
Theorem 1. Let (x,) be a sequence of nonnegative integers having the properties: 
(1) there exists ny € N* such that t, < n for all n > ng; 
(2) tn < n — 1 for infinitely many n; 
(3) da: > 0 for an infinity of m. 
Then the series Pa » is irrational. 


n=1 


Let now £n = S(n — 1). Then 





M S(k) In 
D2 eal 


Here $(n — 1) € n — 1 < n for all n > 2; S(m — 1) < m — 2 for m > 3 composite, 
2 
since by S(m — 1) « gm — 1) < m — 2 for m > 4 this holds true. (For the inequality 
2 
S(k) « 3^ for k > 3 composite, see [6]). Finally, S(m — 1) > 0 for all m > 1. This proves 


S(k) 
(k 4- 0! 





the irrationality of ` 
k=2 
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Analogously, write 





k=2 m=r+2 

Put £m = S(m — r). Here S(m—r) X m—r <m, S(m—r) € m—r « m — 1 for 
r > 2, and S(m — r) » 0 for m > r+2. Thus, the above series is irrational for r > 2, too. 

3. The third constant of Smarandache will be studied with the following irrationality 
criterion (see [4], p.8): 

Theorem 2. Let (an), (bn) be two sequences of nonnegative integers satisfying the 
following conditions: 

(1) a4 > 0 for an infinity of n; 

(2) bn > 2, 0< an < bn — 1 for alln > 1; 


(3) there exists an increasing sequence (in) of positive integers such that 


lim bj, = +00, lim a;,/bj, = 0. 


CO 
a 
Then the series 1 — — — — is irrational. 
a biba... b, 


= 1 
Corollary. For b, > 2, (b, positive integers), (bn) unbounded the series ` RENE 
n-l 142-+--Un 


is irrational. 


Proof. Let a, = 1. Since limsupb, = +00, there exists a sequence (i„) such that 


1 
bi, — oo. Then — — 0, and the three conditions of Theorem 2 are verified. 


By selecting b,, = S(n), we have b, = S(p) = p — oo for p a prime, so by the above 


1 


Corollary, the series > is irrational. 
e S(1)S(2)... S(n) 
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4 On the irrationality of e' (t € Q) 


Let t be a nonzero rational number. The irrationality of e* was demonstrated by 
Lambert and Legendre ({3]) by using continuous fractions, then by Hermite ([2]) with 
the application of integral calculus. A general criterion which particularly implies this 
irrationality has been found by Froda (|1]). 

In what follows we shall obtain a new proof, suggested by an inequality for the expo- 
nential function ([4]). 


Let F(x) — 14 E... 


e- F(t) 1 E zo x 


atl (n+! | mn«2 (n+2)(n+3) 





£ 
E By the infinite series of e” one gets 
n 


TM (1) 





By taking into account of the differentiability of power series, we may take the deriva- 


tive by n-times in (1). Applying the Leibniz formula for 


=> o Pn 


k=0 


~ um le - (1 | EE z) (ur RL 
i e'(-1)(n-k)...(n--1) _ 














->(G) (1 | 7 H.. gi) CDH Be Dmm = 





where G(x) and H(x) are polynomials with integer coefficients. By taking the derivative 
of the right side of (1), one obtains the equality 








e*G(x) — H(x) (m--1)(m-c2)...(m-m) m 
E mune (2) 


z 
qut (n 4- 2)(n 4- 3)... (2n 4- m 4- 1) 
Let now x be a positive integer and suppose that there exist positive integers a,b such 


that e* — a/b. From (2) we get 


(3) 





E TEN n+l < (m+n)! m 
aG(x) — bH (x) = bx do anam 
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On the left side of (3) there is an integer number. On the other hand, the obvious 
(n+m)! n! 





inequality Ontm+D! nri implies that the right-hand side of (3) is less than 
ben! o 
Ont x Since 

pn 


lim ——— —0 
no (n+ ^ 
for suficiently large n, the above expression is < 1. The obtained contradiction proves the 
irrationality of e” (x € N*). The case x = P (p > 0, q € Z) reduces to this case, since 
q 
e?/4 = a/b would imply e? = (a/b)? = A/B € Q, contradiction. 
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5 A transcendental series 


Let G,(n) denote the number of digits in the decimal expansion of k”, where k € 


{2,3,...,9}. Let us consider the sum 





CAE (1) 


n=1 
We shall prove that 5; is transcendental for each k. Let nm denote the least positive 


integer such that Gg(nm) = m. Then 101 < k™ < 10", which by logarithmation gives 
(m — 1) log10 € nm log k < mlog 10, 


i.e. 


m log 10 (m — 1) log 10 


> 
and Nm EE 


Nm < 





? 


log k 
implying 

log 10 
log k 





tcl [m= DEF) (n2) 


where [x] denotes the greatest integer < x. On the other hand, 


Let 
SA)= > k P, AER. 
m=1 


It is a consequence of the elaborated theorem by Roth that for irrational A, S(A) is 


transcendental (for k > 2 integer). For such result, we quote the paper [1]. Now, since 


log 10 
ey 
Sk s (FER). 








log 10 
it is sufficient to prove that = 5:7 is irrational. Let us suppose, on the contrary that 
og 
log 10 
A = g - (u,v > 0, integers). Then 10" = 2", which is a contradiction, since 2" is 
og v 


not divisible by 5. 
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6 Certain classes of irrational numbers 


The theory of irrational numbers is a creation of modern mathematics, with its first 
results due to K. Weierstrass. Further, G. Cantor and R. Dedekind made the appearance 
of the conception of the whole construction of the system of real numbers, including the 
irrationals too. 

However, this construction has not clarified a wide part a of the mystery of irrationality, 
and these secrets still remain not completely elucidated even today. It is sufficient to give 
some classical examples, as the open problems of the irrationality of e + m or of Euler’s 
constant 

1 1 
y= lim {1+=+...+——Inn}. 
noo 2 n 


oo 


1 
Let ¢(s) = x T (s > 1) be the classical Riemann ¢-function. In 1978, R. Apéry [1] 


proved the EN of ¢(3). (For new proofs, see F. Beukers [2] and M. Prévost [8]). 

If s = 2k is an even integer, then it is well-known that ¢(s) is irrational, and even 
transcendental. For odd values of s > 5, however, there remains in doubt the irrationality 
of ¢(s). Recently, in this direction we note a result by T. Rivoal [9] who proved that ¢(s) 
must be irrational for infinitely many odd values of s (but no one particular case is known 
for s > 5!). 

1. The irrationality of many numbers may be easily established by using a well known 
property of polynomials with integer coefficients. 


Proposition 1. /f the polynomial 
P(x) = aoz" az" t... Fa, ara, € Z(r], ao Z0 


admits as a root an irreducible fraction " #0, then a divides a, and b divides ag. 
Corollary 1. /f k > 1 is an integer which is not an n-th power, then Vk is irrational. 
Proof. Let us consider P(x) = xz” — k. By the made assumption, P has no integer 

roots. Let £o = " be a rational root (where (a,b) = 1). Then by Proposition 1 one gets b 


divides 1, so b = +1, impossible, since then x) = +a = integer. 


Therefore, all of v2, 4/3, 5, etc. are irrationals. 


271 


The next corollary gives an information on certain irrational values of a trigonometric 
function. 

Corollary 2. For all integers m > 5, tan — is irrational. 

Let us first consider m = odd. Remark that tan(ma) can be represented as 


pc 


tan(ma) — EET 


where x — tg o, 


and P(x), Q,,(x) are certain polynomials of integer coefficients, of order at most m — 1. 
This assertion follows at once by induction. Indeed, it is obvious for m = 1. Now, let us 


suppose that it is true for m, and consider 


tan ma + tan 2a 
tan(m + 2)a = tan(ma + 2a) = 1 — (tg ma)(tan 2a) E 


I (+2 + Pml) 2x "T +r” + Pa _ 
"Cice. * i-o) / 7 (gaara) 
Eg ttp pu pep up. ur gea Qaa) 
| d Qu(z) — 2?(1+ Qu(z)) — 2z(2z" + P(x) 


which clearly imply that the representation is valid also for m + 2. 














Let now a = —. From the above it follows that +25’ + Pa(xo) = 0, thus Proposition 
m 
1 implies that x) = tg o must be an integer. On the other hand, for m > 5, one has 
0 « tg o « 1, giving a contradiction. 


Let now m be even, i.e. m = 2^n, with n = odd. By 
tan(2a) = 2tana/(1 — tan? o) 
and supposing tan 7/2*n € Q we obtain successively that 
tan(n/2*-!n), tan(n/2* 7n), . .. , tan(n/29n) = tan r/n 


are all rational, in contradiction with the above proved result. 
2. By generalizing the Euler series, one obtains: 
Proposition 2. Let 1 < v < v9 <... € Un <... be a sequence of integers. Then the 


Za J 
series 1 a is irrational. 
n=1 (Un)! 
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Proof. Clearly v, > n, so the Euler series of e implies the convergence. Let us suppose 
now that there exist integers p,q > 1 so that 





ure E end (1) 
v! vj Un! q 
Since vn — oo (n — oo), there exists N € N such that for n > N we have v, > q. 
This gives 
q|(v«)! 


(2) 


From relation (1) one obtains 


i 1 1 Un! Pa 
Un: 1 DT eee TF 1 T 1 PT eee —Un: 
Ul: Un: 


Un+1: q 
(where n — N). On base of (2), the expression 





Es 1 | 
> (Un +1)... Un41 





| 3 
(Un + 1)... Untk ( ) 
must be an integer number. But, remark that, since Unim — Un > m (which follows at 


once from Un+ı — v, > 1), we can write 








1 1 1 
0ct« | [cd | < 
n+1 (n+1)(n+2) (n+ 1)... (n+ k) 
d 1 1 ; i od 
n+l (n1? "' m^^" 


giving a contradiction to the integrality of t. 


The following result has a similar proof: 


Proposition 3. Let us suppose that the sequence (vn) of nonnegative integers satisfies 
the following conditions: 


(i) there exists ng € N such that vn < n for all n > no; 
(ii) v, < n — 1 for infinitely many n; 
(iii) Um > 0 for infinitely many m. 


. Un . . i 
Then the series J F is irrational. 
n! 


n=1 
Proof. We proceed as above, with the difference that we select n such that n —1 >q, 


Un < n— 1, n > no. Then multiplying both sides of the similar relation with (1) with 
(n — 1)!, we get that 


| Unt | 
v= T f 
n n(n+1) 
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is an integer. On the other hand, by (iii) we have v > 0. By (ii) and the selection of n, 


one has 


n—2 1 1 n—2 1 
v< | f H.. = Ppi, 
n n m? n n—1 








so 0 <v < 1, giving the desired contradiction. 


Application. ([10]) 
1) M e(mn'gQ 


n composite 
2) 5 ^ e(n)/n! gQ, 
n=1 


3) ` 1/p! £ Q (where y denotes Euler's totient). 


p prime 


Proof. 1) Let v, = 0, if n is prime; = y(n), if n is composite or n = 1. Now (i), (iii) 
are obvious, we prove (ii). Let n be even. Then it is well known that y(n) < 5 « n — 1. 

2) Select v, = y(n). 

3) Let v, = 1 if n is prime; = 0, if n is composite or n = 1. 

The above result cannot be applied when v, > n eventually. The following theorem 


extends the applicability of irrationality of certain series. 


Proposition 4. (P. Erdós [5]) Let (vn) be a sequence of positive integers such that 
(i) v, /n? — 0 (n > oo) 


(it) (v, /n) » 1 (n — oo), where {x} denotes the fractional part of x. 


. Un . . . 
Then the series J = is irrational. 
n 


n=1 ` 
Proof. Clearly, the series is convergent, let S be its sum. Let us suppose that S = = 


and let k > q. Then 











Uk | Uk+1 |, Uk+2 = (p= js 
k k(k +1) k(kK+1)(k +2) `` q 
is an integer; therefore 
Uk Uk Uk+1 
= H... >1 
E lkl teen ons 


where Fa is the integer part of T Since vg/k — [vk/k] = {vk/k} doesn’t tend to 1 as 


n — œ, there exist infinitely many k such that {u,/k} < 1/2, and for these values of k 
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one gets 
Uk+1 Uk+2 


k(k+1) k(k+1)(k+2) 


But, for sufficiently large k, this cannot be true by condition (i) (which is an easy 





1 
Pu us 
-2 


exercise). 


Application. Let p; be the k-th prime. Then bP uu g Q. 
k-l ^ 
Proof. By a well-known theorem, the sequence ({a,,}) is everywhere dense in (0, 1), 


if the following two conditions are valid: 
1) an — oo 
2) a441 — Gn < o(1) (as n — oo) (see G. Pólya - G. Szegó [7]). Now the inequality 
EUH. s p o PEEL o Hd Pnti — Pn < o(n) imply that ({=}) is dense in (0,1), 
nod n n 
which is much stronger than the fact that i doesn't have 1 as limit for n — oo. 
n 





Remark. It would be interesting to obtain an elementary proof of the fact that 
i 
— e -^]1asmn oo. 
n 
3. The sequence (n!) is a particular case of (bb. ... bn). In what follows we shall study 


an e : ae 
the arithmetic character of the series 1 DEN by admitting certain restrictions. 
102... 


bn 
Proposition 5. Ifa, > 0, b, > 1 are integers (n € N), and 


(i) an > 0 for infinitely many n; 


(ii) bn > 2,0 < an < bn = 1 forall n> 1; 


. ET . Qj 

(iii) there exists a subsequence (in) of positive integers such that b; —^ oo, — — 0 
i 

(n — oo), where i = in, then the above series is irrational. 


Proof. Let 





and t = t4. Then one has bjt; = a; + ti41. Thus, if t = p/q, then t; = p;/q (p; € N), thus 
all t; have the same denominator q. Reciprocally, if there exists 7 € N with p; € N*, such 
that t; = p;/q, then there exists p € N* with t = p/q. 

By remarking that between p/q and (p + 1)/q there is no other rational number of 


denominator q, we get the affirmation: "If for all q € N* there exist i € N*, p; € N* such 
Pi+1 


» 





that Pi < ti < , then t is irrational (here i = i(q)) 
q 
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Now, condition (iii) implies a; < b; — 1 for infinitely many i = in. We have 0 < aj/b; < 
t; < a;/b; + 1/b; since 0 € tı € 1 and aj/b; € t; € (aj + 1)/b; (without equality since (i), 
(ii) do hold). Let q € N* be given. Then there is an n = ng with 0/q < t; < 1/q (i = in). 
On the base of the above affirmation, t must be irrational. 


Application. Let b, > 2 (n = 1,2,...) bea sequence of integers such that lim sup bn = 


"n —00 


= 1 
+00 (i.e. (bn) is unbounded). Then the series D FENAN is irrational. 
Zi LOD onto 


Proof. Let a; = 1 an bi, — oo (n — oo) in Proposition 5. 


4. A general, simple irrationality criterion can be deduced from the following lemma. 














Lemma 1. Let f : N* > R, be a function with the property nf (n) —^ 0 (n > co). Let 
us suppose that there exist infinitely many distinct rational numbers p/q (p € Z, q € Nx) 
such that l ave < f(q), where a is a real number. Then a is irrational. 

q 


Proof. Let (p/q) be the sequence of rational numbers such that 


la — px/qx| € f(qx) (k = 1,2,...). 


Thus 
—qx f (qx) + q«a < px < qr f (a) + qra. 
This implies that for each number qp (fixed) there are a finit number of numbers px. 
If the sequence (q;) would be bounded, then the sequence (p/q) would have a finite 
number of terms, in contradiction with the made assumption. 


Therefore, the sequence (qi) is unbounded. Let (k;) be a strictly increasing subsequence 





z 
such that qj, — oo (k = k;) as i — oo, and select j such that a = — = p/q (where k = k;). 
s 
We then have 
r Pe) _ [rak — 5| > E. 
S qk Sdk Sdk 








1 
The equality lim qr; f(qk;) = 0 implies the existence of an io such that gz, f(qdk:) < =, 
i—0o S 


i > ig. If we select 7 > io, then 








(where k = kj), a contradiction. 
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Proposition 6. ({11]) Let (an), (bn) be two sequences of positive integers such that 














with Un = An/bn, the series So un to be convergent. Let f : N* — IR, be a function with 
n=1 
the property lim nf(n) = 0. If the following conditions 


(i) Uk+p € Ups, (kp = 1,2,...). 


» f (bibs... bi) B 
(ii) Unga < Ee (k= sm) 


are satisfied, then the above series has an irrational sum. 





Proof. Let us select 





dk by 
where p; is the numerator of the right-hand expression, while q, = b,...b,. Let t be the 


sum of the series. Then 


2 
Ape Ape a a 
PI EE i eg ( =) dem < f(biba. bp), 


Ht 














bk+1 T beat EI bk+1 — O41 


on base of (1) and (ii). 


dk 





All conditions of Lemma 1 are valid, so t must be irrational. 


Application. S 27? -3-" g Q. 

Proof. Let by M -3" a, — 1, f(g) = Vg. 

5. The irrationality of certain series of type ` 2 where v, < p — 1 can be deduced 
from the theory of p-adic fractions (see e.g. [6]), hich states that the series in question is 
rational if and only if the sequence (vn) is periodic. For example, by use of this theorem 
the following is true: 

Application. ` = g Q, where p, is the nth prime. 

Proof. Let p aos Un = 1 if n is prime; = 0, if n is composite, or n = 1. If the sequence 
(un) would be periodic, then we could find a € N*, N € N* such that Unta = Un (n > N). 
Then venta = Un for all n > N. Let N be a prime number. Then vgnig = vy = 1, so 
the sequence (zp) defined by zp = kN + a is an infinite arithmetical progression which 
contains only primes. But this is impossible, since if a > 1, one has x, = aN +a = 
composite, and if a = 1, then zy4» = (N +2)N+1=(N +1)? = composite. 

The following theorem extends the applicability for other possible cases of the sequence 


(Un) ({12]). 
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Proposition 7. Let (v,) be a sequence of nonnegative integers such that: 


(1) lim sup 2/v, < 2; 


(ii) Un > 0 for infinitely many n; 
lut ita cur Se Sy, 
n 


n— o0 





oo 
U em 
Then, for all p 2 2, the series >D — has an irrational value. 
n=1 


a 

Proof. Let us suppose that the value of the series is b (a,b > 1). We can consider 
b = 1 since in place of the sequence (vn) we may work with the sequence (bv,,), when 
conditions (i)-(iii) are valid, too. 


By (i) there exist certain r, ko with r < 1 and 
vy < (pr) if k > ko (p> 2) (4) 


Let s > 1 be a positive integer such that 


1—-r p-1\"" 
pr^ < 1 and pr? < = . El) 
T p 


Further, let n > sko and 


For an arbitrary h € N*, put 


Ay = D vp /p ^. 


h=k+1 
By (iii) one has A; € N, while (ii) implies A, > 0, i.e. A, > 1. Let h € m, when 
clearly A < n and 


An= >> wf p^ vf p^ (7) 


k=h+1 k=h+1 
On base of (4), (5), (6) one can write 


> k—h h > k mn T sm T pe 
2. wp "ep X negem emn) Rc 
k=n+1 k=h+1 








where p > 2. 
On the other hand, Aj; > 1, so 


= ze lg 
Y up »i-B—.- 
k=h+1 P P 
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for all h € m. By summing up these inequalities for h = 1, m, one obtains 


n k—1 


PLE Y ai^ «Yu < 


h=1 k=h+1 k=2 h=1 


Thus a 
( n) [n> m[pn = [=] /m. 


k= 
implying 


lim inf (Y: n) /n > lips > 0, 
a contradiction to condition (iii). This proves Proposition 7. 


Application. ([12]) Let p > 2 integer, (an) a sequence of positive integers such that 
jim (aia — ak) = +00. Then the series >D 2% Jp?" is irrational. 
Proof. Let v, = n, if there is k € N with n = 2%; = 0, in the other cases. Then 
imisup Un = üm eV 2% —1 «2, 
so (i) is satisfies. Let now n; = 2% — 1. Then 


Up sg ea Ong L2 eese ant x (k — 1)2%-1 stg 


Nk 298 — 1 2^k —] 





by ak — a4 1 — +00. 

6. A generalization of the p-adic expansion is contained in the so-called Cantor ex- 
pansion ([3]). Let (b,) be a sequence ("base sequence") of positive integers, b,, > 2 for all 
n. Let a be a real number. Put ao = [o] and select 0 € yı < bı such that a = ao + y1/b1. 
With a, = Wb] one has 44 = a, + - where 0 < «4 < bg. By continuing one obtains a 
sequence (Yn) such that i 


REN (ip a DP NR 





(a) Yn = An + 
bui 


(b) 0 € ?n41 € bua. 


From (a) it is immediate that 





while from (b) one has 


0« Yk+1 1 z k 
~ biba... bp} bibo... bp 2h 





so a can be written as 





An 
ELLO B mm (8) 


where do € Z, an € Z, a, > 0, an € b, — 1 forn > 1. 
This is the Cantor-expansion of a. It is immediate that this representation of a is 
unique. On the other hand, for infinitely many n one has a, € 5, — 2. Indeed, if a, = 5,—1 


for all n 2 N, then 











Yn =bn — 1 + ae 
ba 
SO 
b -m= bd — Yn+1 - bn+2 — Yn+2 ae ES bn+r+1 — Yn+r+1 < 1 1 
í ý bn+1 bn+1bn+2 bn+1bn+2 t Disi B bn+1 t Das E 2r? 


so for r — oo one gets bn < Yn, in contradiction to (b). 
Remark that for an = Un, bn = n one obtains the series studied at paragraph 2, while 
for an = Un, bn = p the one from paragraph 5. 


From relation (8) the following important formula can be deduced: 
an = [Pndn_1... 09510] — bnfbn-1 . . . babia] (n 2 1) (9) 
Let us give for example, a new proof of Proposition 3. By (9) one has 
Un = [nla] — n|(n — 1)!a]. 


If a = a then select n > max{q + 1, no} such that v, > 0 (this is possible by (iii)). 
Then q|n! a q|(n — 1)! since n — 1 > q, so v, = nla — n(n — 1)!a = 0, giving 0 > 0, a 
contradiction. 

We now prove (using an idea by S. Drobot [13]) 


Proposition 8. Let p, be the nth prime and let (an) be an arbitrary sequence of 


; 1 —— 
strictly positive integers. Then the series ` —-as IS irrational. 


a2 On 
fa Pi P3 «ps 
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Proof. If t denotes the sum of the series, suppose t = E with (r,q) = 1. Select n so 
q 
that 
q < Pn-1 (10) 


By (9) one can write 
An „&n— a r Qn Qn — Q r 
= ls nean =P, lest (11) 


There are two possibilities. 

Case a): All prime factors in the prime factorization of q are at the power 1. Then, 
since a, > 1 for all n, by (10), relation (11) yields 1 = 0, which is impossible. 

Case b): q has also prime factors having exponent > 1. Then it may happen that for 
the common prime factors in p?";'...p5?p{! and q the powers o; are greater or equal 
than the corresponding prime exponents of p; in q. Then one obtains again 1 — 0. 

The other case is when there exists at least a prime divisor p; of q having an exponent 


> o4. Then after simplification one arrives at a number s such that 
Is <q (12) 
Indeed, 2s = pis < py. 15 < q. After division one obtains the equalities 


a asco lt a 
pprt -Pp - =A+— (where l <a<s) 
q s 


A asd b 
PIN quM cetur (1€ b « s) 


so by (11) one can write 


1—A-p»B (14) 
On the other hand, 
A4 =p% (s). 
S S 


and by taking into account of (14), 


a $ 
par = TL. < 25 < 24, 
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by (12). But p, € p?" € q implies p, < q. Relation (10) on the other hand says that 
q € Pn—1, SO Pn € Pn—1, a trivial contradiction. 
Remark. Proposition 8 can be extended as follows: 


Proposition 9. Let (r4) and (an) be sequences of positive integers such that 
In € [2pz^ /pa-i] — 1 for all n > no. 


Then the series Sea ... pe” is irrational. 
n=1 
Proof. The same idea applies. Now, in place of (11) one writes 


On Q T On An— a r 
Ln = | M at — Pn LEE š 


i 
Let t = — where (r,q) = 1 and let q € pn-1 if n > no. The same conclusion as above 


holds, i.e. 2s € q, and (13) holds again, but now this implies 


p (2-2) xd m 
s s 








i.e. 
a b a 
Dn -=r + =; 
S S 
giving 
Sr,--a — s(m,- 1) q Pn-1 
Qn — ee p. eque ntljy< wu 
por = E E X slan +1) € TG +1) se, +1) 
Since 
Dee 20.* 
mtis [2E] < put 
Dn-1 Pn-1 
we get 


Pn-1 





ak I) < ph”. 


Finally one can deduce that p?" < p?", i.e. a contradiction. 

Remark. Let a, > 2. Then p?^/p, 1 > p?/p,.1 > Pn 80, if £n € 2p, — 1, then the 
condition of Proposition 9 is satisfied. 

So for a, > 2 and 


Zn < 2pn— 1 (n=1,2,...) (15) 
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the series considered above is irrational. 


1 
Application. 1) ` / TEA Z Q for all k > 0, integer; (For k = 0 see S. 
< (p1p2.--Pn) 





Drobot |13]) 





€ Q for alla EN. 
n(Pıp2 - - ud 


7. We now consider series 2 —, where v(n) may take relatively large values. 
Proposition 10. Let us 3600036 a 

; ; n(n 4- 1) 
(i) there exists N € N such that n < v, € ——L—- for all n > N; 
(ii) for infinitely many n one has v,, X n 4 1. 


Then 2 — is irrational. 
= 


Proof. The series is convergent, since 








oo N-1 oo 
umo PROLOUE d 8 CEST 
nel n=1 n=N nel n=N 
n n n 
Let us now suppose that 2 ar € Q and let m > max(q, N) = no such that 
q 
n=1 


Um < M + 1 (possible, by (ii)). Since (m — 1)? is an integer, the same is true for 
q 


oo vi 
R= 2 am 
On the other hand, 











palm, Um —mttl umn, 
m m(m+l1) 7" m  m(m-1l) 7" 
; E 

Since Umi < (m au TET) and by the obvious inequality 


m(m -F i 4-1) € (m4 2)(m 4 i — 1) 


one can write 











rud p ees uy 
m(m -- 1)... (m 4- i) 2m! 
thus 
1 m2 1 m+2 1 m-1 
R «€ 1d | a ee 14 | = 
= m 2 2m! m  2(m- 1) m m 


The inequality R > 1 is trivially satifies by (i), implying 1 < R < 2, contradicting the 
fact that R is an integer. 

Remark. The proof shows that the following variant of the above proposition holds 
true also: 

Proposition 11. /f 

(i) Un < ERES for all n > N; 

(ii) Un =n +1 for infinitely many n; 


Unus . 
then ` -: is irrational. 
n 


n=1 ` 


1 1 
Applications. 1) D — + y a Z Q; 
p 





— 1)! 
p prime 5 1)! prime ^" 
"sel d n* cn 
2M mu n! £o 
n odd n even 
~ a(n) s 
3) ` rug (where a(n) denotes the sum of all divisors of n) (|4]). 
n! 
n=1 
Proof. 1) v, =n +1 if n = prime; = 0, n ¥ prime in Proposition 11; 


1 
EEEE E E L E) 


3) vn = a(n). 


, if n = even; 


Then v, = p + 1 for all primes p. 
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7 On the irrationality of cos27s (s € Q) 


Let (zr) I] (a — e?™""/") be the n-th cyclotomic polynomial (where e?"?/^ for 
(ryn)=1 
(r,n) = 1 are the n-th primitive roots of unity). It is well-known that ¢,(z) is a polynomial 


with integer coefficients, and that this is an irreducible polynomial over Z[x]. Let n > 7 
1 

and put a = 2rir/n. By another property of a(x) one has 2? p, (=) = Pnl) (i.e. 
T 


the coefficients from the extrems are equal), so the equation K,(a) = 0 takes the form 


) 





(n. (n) | 
aP 0/2 4 g7 (9/2 4 a (a5 l Qo H) +... + agm (4+ 07) + aem =0 (1) 


Since 2 cos 2rr/n = a c a 1, (2 cos 2rr/n)? = a? -- a? + 2,... the above equation (1) 


can be written also as 


2 oy 2 ecd 

Tr Tr 

(2008 77) + by (2008 7) +...4+bym) =0 (2) 
TL n 2 

where n > 7, and bj,...,by(n)/2 are some integers. 


This gives a polynomial in 2 cos =. which cannot be reducible over Z|], since then 
the one from (1) would be reducible, too (impossible, by the irreducibility of the cyclotomic 
polynomial Kn). 

Since the leader coefficient in (2) is 1, the number 2 cos a is an algebraic integer 


y(n) 
2 





number, of order > 1 (by n > 7). It is a well-known result that an algebraic integer 
can be rational iff has order 1, so this clearly implies that for n > 7, (r, n) = 1, the number 
cos a is irrational. An easy examination for n < 6 yields the following 

Proposition. ([3]) Let (r,n) = 1, r € n. Then cos 277 is irrational if and only if 
n g (1,2,3,4,6]. 

Remark. Many other properties of cyclotomic polynomials appear in [1]. See also 


article 3.8. For applications of irrationality in geometry, we quote [2]. 
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